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Abstract 
 
 
Elliptical hollow sections (EHS) have been recently added to the family of hollow steel 
sections available to the construction industry. Their merits include different flexural 
rigidities about the two principal axes offering efficient bending resistance about the 
major axis and an aesthetically pleasant appearance. A number of recent practical 
applications have emerged, which are outlined in this thesis.  
 
Previous research on elliptical hollow sections has mainly focused on the cross-section 
level with a set of design rules for cross-section classification and shear resistance being 
proposed.  The current study reviews the existing cross-section classification limits for 
both circular and elliptical tubular sections and investigates member instability of EHS 
in bending (lateral torsional buckling) and under combined axial compression and 
bending. Reliability analyses to establish a set of reliable design rules for elliptical 
hollow sections in the Eurocodes and other international structural design codes have 
been also performed. The key components of this research include laboratory testing, 
numerical modelling, and development of statistically verified design guidance.  
 
A series of experimental studies were undertaken to investigate the buckling response of 
elliptical hollow section members in bending and under combined axial load and 
bending. In total, 8 beams, 6 columns and 27 beam-columns were tested; the test results 
were then used to calibrate finite element models. Parametric studies were performed 
utilizing the validated numerical models. Based on the experimental and numerical 
findings, reliability analyses were undertaken to verify design rules for elliptical hollow 
sections. It is envisaged that these design rules will be incorporated into future revisions 
of Eurocode 3. 
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Notation 
 
 
a    Half of the larger outer diameter  
A  Gross cross-section area  
Aeff   Effective cross-section area  
b    Half of the smaller outer diameter  
b    The “Least Squares” best-fit to the curve 
btc    Tensile coupon width   
C   Plasticity  factor 
C1   Equivalent uniform moment factor 
Cm   Equivalent uniform moment factor 
CP   Correction factor 
D   Dead load effect 
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Dm   Mean value of dead load effect 
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E    Young’s modulus  
Esh    Tangent modulus of the strain hardening region  
fu   Ultimate tensile stress  
fy    Material yield stress 
G    Shear modulus  
h  Height of section  
i  Radius of gyration  
I   Second moment of area  
It    Torsion constant 
Iw    Warping constant 
kn  Fractile  factor for n number of tests  
kLT  Interaction  factor  
K   Constant 
11 
L    Length of the member  
L    Live load effect 
Lm    Mean value of live load effect 
Lc   Limiting length  
Lc,N   Limiting length in the presence of axial load 
M  Bending moment  
M1st  First-order elastic moment  
M2nd,el  Second -order elastic moment  
M2nd,inel  Second-order inelastic moment  
Mb,Rd   Design buckling resistance  
Mc,Rd   Design bending resistance  
Mcr   Elastic critical moment 
Mcr,N   Elastic critical moment subjected to uniform major axis bending  
  moment and axial compression 
MEd   Design  bending moment  
Mel,Rd   Elastic moment resistance  
Mpl   Plastic moment resistance  
Mpl,Rd   Design plastic moment resistance  
MRk  Characteristic member resistance  
Mu   Ultimate bending moment  
MEd    Bending moment due to the shift of the centroidal axis for Class 4  
  sections 
n  Axial load level  
n  Number of tests  
N  Applied axial load  
Nb,Rd  Member buckling resistance  
Nc,Rd  Design cross-section resistance for uniform compression 
Ncr  Elastic critical buckling load  
Ncr,T  Elastic torsional buckling load  
NEd   Design  normal force  
NRk  Characteristic compression resistance  
Nu  Ultimate axial load  
Ny  Plastic yield load  
p    Probability 
Notation 
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Pf    Probability of failure 
Q    Nominal load effect 
Qm    Mean value of load effect 
rmax  Maximum radius of curvature 
rd    Design resistance  
re    Experimental resistance  
rm    Mean value of resistance  
rn    Nominal resistance  
rt    Theoretical resistance 
R    Resistance  
R2    Coefficient of determination 
Rd    Design value of the resistance  
Rm    Mean value of resistance  
Rn    Nominal resistance  
Rr    Rotation capacity  
s∆    Variance of the error terms   
S  Action 
Sd    Design value of the action  
t    Thickness  
tp    p-fractile of standardised log-normal distribution  
up    p-fractile of generalized Student’s t-distribution 
U    Total utilisation  
VF    Coefficient of variation of fabrication factor 
VM    Coefficient of variation of material factor 
VP    Coefficient of variation of tested-to-predicted load ratios 
VQ    Coefficient of variation of the total load effect  
Vr    Coefficient of variation of the resistance 
Vrt    Coefficient of variation of all the basic variables 
VR    Coefficient of variation of the resistance 
Vx    Coefficient of variation of the basic variables 
Vδ    Coefficient of variation of the errors in the design model 
w    Shape factor 
W    Section modulus  
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Weff    Effective section modulus  
Wel    Elastic section modulus  
Wpl    Plastic section modulus  
xd    Design value 
xk    Characteristic value 
xp    Fractile value for a probability p 
X   Constant 
Y   Factor 
y-y    Cross-section major axis 
z-z    Cross-section minor axis  
Z    Limit state function  
 
α  Parameter introducing the effect of biaxial bending 
α  Local imperfection amplitute 
αc,Rd  Factor dependant on the class of cross-sections 
αLT  Imperfection factor for lateral torsional buckling  
αR  Weighting factor of the resistance 
αS  Weighting factor of the action 
β  Reliability index  
β  Parameter introducing the effect of biaxial bending 
χ  Buckling reduction factor  
χLT  Reduction factor for lateral torsional buckling 
ε    Coefficient dependant on the material yield stress  
εf1   Plastic strain at fracture based on elongation over the standard gauge 
length  
εf2   Plastic strain at fracture based on the reduction of cross sectional area 
εnom    Nominal(engineering) strain  
pl
lnε     Log plastic strain  
φ
 
 Resistance factor  
Φ  Value to determine the buckling reduction factor 
Φ   Cumulative distribution function of the standardised normal 
distribution  
Notation 
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γ    Cross-sectional aspect ratio 
γ    Load factor 
γM    Partial factor 
γM0    Partial factor for resistance of cross-sections 
γM1  Partial factor for resistance of members  
λ  Member slenderness 
λ
 local  Cross-section slenderness 
λ   Non-dimensional member slenderness 
LTλ   Non-dimensional member slenderness for lateral torsional buckling  
0,LTλ   Length of the plateau of the buckling curve 
lim,zλ   Limiting non-dimensional member slenderness 
lim,N,zλ   Limiting non-dimensional member slenderness in the presence of axial  
  load 
   Factor 
   Mean value 
S   Mean value of action 
R   Mean value of resistance 
ν   Poisson’s ratio  
ρF    Mean value of fabrication factor 
ρM    Mean value of material factor 
ρp    Mean value of tested-to-predicted load ratios 
σcr    Elastic buckling stress  
σ   Standard deviation 
σnom    Nominal (engineering) stress  
σR   Standard deviation of resistance 
σS   Standard deviation of action 
σtrue    True stress  
ω  Mid-span/height lateral deflection  
ωg    Global imperfection amplitude   
ψ  Factor 
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Chapter 1 
 
Introduction 
 
1.1 Background 
 
Tubular construction is synonymous with modern architecture. The familiar range of 
tubular sections, namely square, rectangular and circular hollow sections, has been 
recently extended to also include elliptical hollow sections. These new sections combine 
the elegance of circular hollow sections with the improved structural efficiency in 
bending of rectangular hollow sections, due to the differing flexural rigidities about the 
two principal axes.  Following the introduction of structural steel elliptical hollow 
sections (EHS), a number of investigations, including cross-section classification, 
response in shear, connections and the behaviour of concrete-filled EHS, have been 
carried out. However, member instabilities in EHS members have not been investigated. 
Therefore, this research aims to develop reliable structural design guidelines for 
instabilities of EHS members on the basis of fundamental theory, full-scale 
experiments, validated numerical simulations and statistical verification; the developed 
design rules are suitable for incorporation into international design codes. 
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1.2 Applications of elliptical hollow sections into construction industry 
 
Dating back to the mid-nineteenth century, tubular sections have been utilised as 
structural members in civil engineering applications. The Royal Albert Bridge in 
Saltash, Cornwall (Figure 1.1, Binding, 1997), which was completed in 1859, was the 
earliest example of the application of elliptical hollow sections. The aesthetics and 
structural efficiency has led to research interest in their structural characteristics since 
the beginning of the twentieth century. In 1994, standard elliptical hollow sections were 
first introduced in France by Tubeurop (which has become a part of Arcelor Tubes and 
which is then a part of Condesa in 2004) as hot-finished products and are now produced 
by other companies, including Corus, UK (Corus, 2006) and Ancofer Stahlhandel 
GmbH, Germany.  
 
 
 
 
Figure 1.1:  The Royal Albert Bridge in Saltash, U.K. (1859) 
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More recently, the use of EHS has grown progressively since designers have employed 
these sections in numerous applications with exposed steelwork for structural and 
aesthetic purposes. One of the major applications has been as structural supporting 
members for glass roofs and glass façades, with other applications including structural 
columns, sculptures, electricity transmission line pylons, pedestrian bridges, wind 
turbine masts, urban furniture (such as bus shelters) and handrails. Recent examples of 
all these applications are spread across Europe and the North America, like the Terminal 
5 building at Heathrow Airport in London, U.K. (Figures 1.2 and 1.3); Cork Airport, 
Ireland (Figure 1.4); Terminal 4 of Barajas Airport in Madrid, Spain (Figure 1.5, 
Viñuela-Rueda and Martinez-Salcedo, 2006); Zeeman Building, University of Warwick, 
U.K. (Figure 1.6); the skylight of the Electronic Arts stair in Vancouver and the 
Legends Centre in Oshawa, Ontario. In Europe, EHS have been introduced in the 
geometric standard, EN 10210-2 (2006), which serves to increase the market and 
utilization of EHS. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 1.2:  Heathrow Airport in London, U.K. (2007) 
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Figure 1.3:  Heathrow Airport (detail) in London, U.K. (2007) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 1.4:  Cork Airport, Ireland (2006) 
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1.3 Recent research into elliptical hollow sections 
 
Following the introduction of hot-finished elliptical hollow sections, recent research has 
focused on the generation of structural performance data through physical testing and 
numerical simulations and to the subsequent development of structural design rules. To 
date, the structural scenarios investigated include axial compression, bending and shear 
at the cross-sectional level, as well as concrete-filled tubular construction and 
connections.  
 
 
 
 
Figure 1.5:  Terminal 4 of Barajas 
Airport in Madrid, Spain (2004) 
Figure 1.6:  Zeeman Building in 
University of Warwick, U.K. (2003) 
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1.4 Outline of thesis 
 
This chapter contains a brief introduction of the applications and recent research of 
elliptical hollow sections. An overview of the remainder of the thesis then follows. 
 
Chapter 2 reviews the literature of previous research into the structural behaviour of 
elliptical hollow sections and member buckling in compression, bending and under 
combined loading. Key research findings relating to the numerical modelling of 
structural steel components and the treatment of reliability in structural design codes are 
also provided. More focused reviews on specialised topics are introduced and discussed 
in the relevant chapters. 
 
Chapters 3 and 4 focus on the experimental and numerical investigations of member 
instabilities in elliptical hollow section members. Chapter 3 presents the research 
findings on the lateral instability of EHS beams under major axis bending; while 
Chapter 4 covers member instability of EHS beam-columns under combined axial 
compression plus uniaxial or biaxial bending. Each chapter contains details of a large-
scale experimental programme, finite element simulations, the development of design 
guidelines and the analytical derivation of limiting lengths. 
 
Chapter 5 describes a standard statistical approach adopted in design codes to verify 
structural reliability of design rules. Statistical analyses are then undertaken to assess 
the reliability of the resistance functions proposed in previous research and this study 
for elliptical hollow sections. 
 
Chapter 6 evaluates the existing cross-section slenderness limits for circular and 
elliptical hollow sections prescribed in the European, North American and Australian 
Standards.  New unified slenderness limits are proposed based upon a collated test data 
base and following reliability analyses. 
 
Finally, a summary of the important findings of this research study, conclusions and 
suggestions for further research are given in Chapter 7. 
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Chapter 2 
 
Literature review 
 
2.1 Introduction 
 
This chapter contains a broad review of previous research into the structural behaviour 
of elliptical hollow sections and member buckling in compression, bending and under 
combined loadings. Key research findings relating to the numerical modelling of 
structural steel components and the treatment of reliability in structural design codes are 
also covered. Further relevant literature on specialised topics will be reviewed in 
subsequent chapters. 
 
 
2.2 Previous research on EHS 
 
Early analytical research into the structural characteristics of non-circular cylindrical 
shells initially centred on oval hollow sections (OHS), after which attention turned to 
sections of elliptical geometry. The primary focus of these early studies was the elastic 
buckling and post-buckling response of slender oval and elliptical shells. More recently, 
following the introduction of hot-finished elliptical tubes of structural proportions, 
attention has shifted towards the generation of structural performance data through 
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physical testing and numerical simulations and to the subsequent development of 
structural design rules. The structural scenarios investigated to date include axial 
compression, in-plane bending and shear at the cross-sectional level and column 
buckling at the member level, together with concrete-filled tubular construction and 
connections. A state of the art review of recent research on elliptical hollow sections, 
together with a sample of practical applications has been presented by Gardner et al. (in 
press). 
 
Hot-finished structural sections of standardised geometries are the staple products 
employed within the steel construction industry. Such sections are now available in 
elliptical profiles with outer dimensions ranging from 150×75 mm to 500×250 mm, 
thicknesses ranging between 4 mm and 16 mm and all sections having an aspect ratio of 
two. Approximate formulae for the determination of geometric properties for elliptical 
hollow sections (EHS) are provided in the European product standard, EN 10210-2 
(2006). Extensive laboratory testing and numerical modelling have been conducted on 
EHS in a range of structural scenarios over the past few years. A summary of the 
physical tests that have been carried out for hot-finished standard EHS is reported in 
Table 2.1. These include stub columns tests, in-plane bending tests, combined bending 
and shear tests, combined axial load and bending tests, column flexural buckling tests, 
connection tests and tests on concrete-filled tubes. These tests have been supplemented 
by numerically generated structural performance data and employed in the development 
and verification of design rules. A series of tests performed on cold-formed stainless 
steel EHS have been summarised in Table 2.2. Corresponding design guidance has been 
developed and presented in the relevant papers listed in Table 2.2.  
 
Previous research on elliptical hollow sections (EHS) has mainly focused on local 
stability with a set of design rules for cross-section classification and shear resistance 
being proposed for EHS. This research provides a review of the existing classification 
system for tubular sections and covers the treatment of global instabilities of EHS 
members under bending and under combined loadings. It aims at providing a set of 
reliable design guidelines for practising engineers to employ EHS in the construction 
industry. 
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Table 2.1: Summary of experiments performed on hot-finished elliptical hollow sections 
Structural configuration No. of tests References 
Cross-
section 
tests 
Compression 
Unfilled 37 Chan and Gardner (2008a), Zhao and Packer (2009),  Gardner et al. (submitted) 
Concrete filled 42 Yang et al. (2008), Zhao and Packer (2009) 
Bending and combined 
bending + shear 
Minor axis 23 
Chan and Gardner (2008b), Gardner et al. (2008) 
Major axis 19 
Combined compression 
+ bending 
Minor axis 4 
Gardner et al. (submitted) Major axis 4 
Biaxial 10 
Member 
buckling 
tests 
Compression 
Minor axis 15 
Chan and Gardner (2009), this thesis 
Major axis 15 
Bending Major axis 8 this thesis 
Combined compression 
+ bending 
Minor axis 9  
Major axis 9 this thesis 
Biaxial 9  
Connection 
tests 
Fully welded truss-type connections 7 Bortolotti et al. (2003), Pietrapertosa and Jaspart (2003) 
Gusset plate 
connections 
Branch and through 
plate connections 6 Willibald et al. (2006a) 
End connections 5 Willibald et al. (2006b) 
Total number of tests performed 222  
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Table 2.2: Summary of experiments performed on cold-formed stainless steel elliptical 
hollow sections 
Structural configuration No. of tests References 
Cross-section 
tests 
Compression 
Unfilled 6 Theofanous et al. (2009a) 
Concrete 
filled 6 Lam et al. (2010) 
Bending and 
combined 
bending + 
shear 
Minor axis 3 
Theofanous et al. (2009b) 
Major axis 3 
Member 
buckling tests Compression 
Minor axis 4 
Theofanous et al. (2009a) 
Major axis 2 
Total number of tests performed 24  
 
 
2.3 Buckling of structural members 
 
Generally, there are three main types of structural elements: columns, beams and beam-
columns (Figure 2.1). A column is a member which is subjected to axial compression 
only, a beam is a member where bending moments are predominant, and a beam-
column is a structural element which is subjected simultaneously to both axial 
compressive load and bending moments. The relevant literature on the analysis and 
design of these three structural members is reviewed in this section. 
 
 
 
 
 
 
 
 
(a) Column   (b) Beam   (c) Beam-column 
 
Figure 2.1: Structural elements 
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2.3.1 Columns  
 
There are two primary modes of instability in axially compressed columns (Figure 2.2). 
For a thin-walled short column, the column may fail by local buckling prior to reaching 
its yield strength; while for a long column, the failure mode may change to global 
buckling. 
 
 
 
 
 
 
 
 
 
 
 
 
(a) Local buckling    (b) Global buckling 
 
Figure 2.2: Buckling modes of axially loaded columns 
 
 
2.3.1.1 Local buckling 
 
This section reviews relevant literature on the local buckling behaviour of circular and 
elliptical hollow sections. The buckling of axially compressed cylindrical members was 
first analysed by Lorenz (1908), Timoshenko (1910) and Southwell (1914) based on 
linear stability analysis of a perfect member using small deflection theory. A period of 
intensive work on linear shell buckling theory was then followed in the 1930s by Flügge 
(1932 and 1934), Timoshenko (1936) and Donnell (1934). However, early test results 
indicated a large discrepancy in the buckling load of cylindrical members compared 
N 
N 
N 
N 
Chapter 2: Literature review 
 
 
37 
 
with those predicted theoretically (Robertson, 1929; Flügge, 1932; Lundquist, 1933 and 
Wilson and Newmark, 1933).  
 
By the 1950s, the true behaviour of shells had become more fully understood and the 
disparity between test results and theory was attributed to the unavoidable imperfections 
and the distinct unstable post-buckling characteristics of circular shells. Various 
researchers then developed a more accurate solution based on nonlinear analysis taking 
into account imperfect geometry (von Karman and Tsien, 1941 and Donnell and Wan, 
1950). Since then, considerable research on axially compressed circular hollow section 
(CHS) members has been carried out and simultaneously the stability of CHS members 
under bending has also been studied. Analytical solutions of the critical buckling 
moment of CHS beams were developed and presented by Flügge (1932 and 1960), 
Seide and Weingarten (1961) and Murray and Bilston (1992). More recently, a 
comprehensive review paper about buckling of shells was prepared by Teng (1996). 
 
Research into non-circular (oval) cylindrical shells of variable curvature was first 
embarked upon by the aeronautical industry. Since the early 1950s, extensive studies on 
the buckling and post-buckling behaviour of oval shells have been conducted 
(Marguerre, 1951; Kempner, 1962; Chen, 1964; Kempner and Chen, 1964, 1966 and 
1968 and Feinstein et al., 1970, 1971a and b). It was concluded that the elastic buckling 
stress in compression could be accurately predicted by the buckling stress of a circular 
hollow section with a radius equal to the maximum radius of curvature of the oval 
hollow section (OHS) and the solution was a lower bound. The findings also revealed 
that for higher aspect ratios, the sections would be less sensitive to geometrical 
imperfections and the post-buckling behaviour would be more stable, primarily due to 
the redistribution of stresses to the stiff major axis regions. Subsequent studies by 
Tvegraard (1976) revealed that extra load carrying capacity beyond the bifurcation load 
that had been predicted by Kempner and Chen (1966 and 1968) may not be attained for 
an  elastic-plastic material, due to premature yielding of the stiffer regions. 
 
The local stability of elliptical hollow sections was first studied by Hutchinson (1968) 
and Tennyson et al. (1971). Results indicated that the proposal of obtaining the elastic 
buckling stress under axial compression of an OHS by substituting the maximum radius 
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of curvature into the CHS formulation could be also applied to EHS. In addition, EHS 
with aspect ratios close to unity (approaching a circular shell) were found to be highly 
sensitive to imperfections and exhibited unstable post-buckling behaviour.  
 
More recently, studies on the structural behaviour at cross-section level of EHS were 
carried out (Gardner, 2005a and b; Gardner and Ministro, 2005 and Eckhardt, 2004). 
The response of EHS under axial compression was investigated by Gardner and Chan 
(2007), Chan and Gardner (2008a), Ruiz-Teran and Gardner (2008) and Silvestre 
(2008); where a cross-section classification system incorporating the equivalent 
diameter into the slenderness parameter and design guidelines for elliptical hollow 
sections were proposed. Most recently, the post-buckling stability and imperfection 
sensitivity of EHS were systematically quantified (Silvestre and Gardner, submitted) in 
terms of bifurcation angle and slope of ascending post-buckling equilibrium path. 
 
2.3.1.2 Global buckling 
 
van Musschenbroek (1729) first recognised that column strength is related to its length. 
Euler (1759) derived the first column formula to determine the elastic global buckling 
load. The so-called Euler formula utilised linear theory based on elastic material 
behaviour and small deflection approximations. It is applicable to all elastic columns 
with the inclusion of an appropriate constant coefficient corresponding to different end 
conditions. In 1770, the post-buckling deformation of elastic columns was solved by 
Euler and Lagrange using nonlinear large deflection theory (Timoshenko, 1953a). 
 
Investigation into the role of plasticity in column buckling commenced in the late 
1800s. For a column of intermediate length, yielding of the material will precede the 
elasticity stability limit and the rapid decrease in elastic flexural stiffness will result in a 
reduced buckling load. The inelastic buckling problem was solved by Engesser (1889 
and 1895) and Shanley (1947) by replacing the Young’s modulus with the tangent 
modulus or the reduced-modulus. Many experimental results showed that the tangent 
modulus theory gave a better prediction of tests; this theory has therefore gained wider 
acceptance and implementation to code. The effects of residual stresses and initial 
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imperfections in the behaviour of inelastic columns were also studied extensively by a 
number of researchers, such as Chen and Atsuta (1976).  
 
With the emergence of powerful computational tools, predictions for the ultimate 
resistance of columns in the form of buckling curves have been developed on the basis 
of numerical and test results taking into account the initial imperfections and residual 
stresses of the member. The European buckling curves were first established by the 
European Convention for Constructional Steelwork, ECCS (Beer and Schulz, 1970). A 
number of assumptions were made, including assuming the material as elastic-perfectly 
plastic, taking a half sine-wave as the deflection shape and assuming L/1000 as the 
initial imperfection, where L is the column length. It should be noted that the buckling 
curves were mainly derived based on I-sections. A set of five buckling curves described 
by the Ayrton-Perry formula (Ayrton and Perry, 1886; Robertson, 1925 and Maquoi and 
Rondal, 1978) is adopted in EN 1993-1-1 (2005) and the selection of buckling curves is 
dependent on the manufacturing process, cross-sectional shape, steel grade and 
thickness of flange, which are all relevant to the level of residual stresses.  
 
More recently, the flexural buckling of EHS columns was studied by Chan and Gardner 
(2009) and it was shown that the column buckling curves adopted for other types of 
hollow sections in various design codes (EN 1993-1-1, 2005; AISC, 2005 and AS 4100, 
1998) are also reliably applicable to EHS members.  
 
2.3.2 Beams 
 
As with columns, beams may be susceptible to local buckling and global buckling. For 
beams, the primary global buckling mode is referred to as lateral torsional buckling. 
There are generally two types of overall structural behaviour of beams: in-plane bending 
and lateral torsional buckling (Figure 2.3). Whether or not a beam is susceptible to 
lateral torsional buckling depends on the member slenderness and restraint conditions. 
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(a) Elevation 
 
 
 
 
 
 
 
 
(b) Section – in-plane bending  (c) Section – lateral torsional buckling 
 
Figure 2.3: Structural behaviour of beams 
 
 
2.3.2.1 In-plane bending 
 
In the early nineteenth century, Navier (1826) developed a fundamental beam theory 
based on the previous findings of Jacob Bernoulli and Leonard Euler. A key assumption 
of the beam theory is that plane sections remain plane after bending. Since then, 
extensive studies into the structural behaviour of beams have been performed; a detailed 
appraisal of these studies can be found in Timoshenko (1930) and many other 
literatures. 
 
Simple beam theory assumes that no local instability of a beam’s cross-section will 
occur. Hence, a beam’s capacity can be determined on the basis of the first yield (elastic) 
or elastic moment resistance. However, for thin-walled beams, the failure due to local 
buckling of the compressed portion of the section is an important consideration.  
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The first series of well-documented bending tests on thin-walled EHS were carried out 
by Lunquist and Burke (1935), with subsequent tests by Lunquist and Stowell (1942). 
Both sets of tests showed that the maximum bending strength attained increased with 
aspect ratio for a given ratio of height to thickness of the tube, mainly due to the 
improved resistance to local buckling arising from the stiffer regions of the sections (i.e. 
those of highest local curvature), which are located at the extreme compressive fibre. 
Heck (1937) and Gerard and Becker (1957) observed that the maximum compressive 
stress under major bending occurred at the stiffest part of the section, where the radius 
of curvature was a minimum, but found that the theoretical point of initiation of local 
buckling can be obtained by identifying the minimum value of elastic bending stress in 
terms of radius of curvature of the section. 
 
More recently, the local response of EHS under bending and shear was investigated by 
Chan and Gardner (2008b) and Gardner et al. (2008), where a set of cross-section 
classification limits and an interaction expression were proposed. 
 
2.3.2.2 Lateral torsional buckling  
 
Since the late nineteenth century, it was recognised that, similar to columns, the strength 
of laterally unrestrained beams is related to its length. With the first treatment of 
uniform torsion presented by St. Venant in 1853, the elastic lateral torsional buckling of 
beams has been extensively studied. Lateral torsional buckling occurs when sections 
with different flexural rigidities in the major and minor axes are bent in their stiff 
principal plane, resulting in buckling out-of-plane by deflecting laterally and twisting. 
Elliptical hollow sections with high aspect ratios would be more susceptible to this 
instability mode. Lateral buckling of beams with narrow rectangular cross-sections was 
first treated by Michell (1899) and Prandtl (1899). Their work was extended in 1905 by 
Timoshenko (1953b and 1953c) to include the effects of warping torsion in I-section 
beams. Subsequent work by Wagner (1936) and other researchers led to the 
development of a general theory of lateral torsional buckling (Timoshenko, 1953d; 
Vlasov, 1961; Timoshenko and Gere, 1961 and Bleich, 1952).  
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Further developments taking into account the influences of cross-sectional shape, 
moment distribution, load height, restraints and supports have been made by extensions 
of the previous accepted theories. In the 1980s, a generally acceptable theory of lateral 
torsional buckling was published based on the use of the second-order relationships 
between the deformations and strains that take place during bending and torsion, the 
concept of the total potential, and the principles of virtual work and equilibrium and of 
conservation of energy during buckling (Trahair, 1993). Research on the elastic lateral 
buckling of beams was summarised by Nethercot (1983) and on the inelastic lateral 
buckling of hot-rolled I-section beams by Trahair (1983).  
 
Experimental studies on hot-rolled I-section beams conducted before 1977 were 
summarised by Fukomoto and Kubo (1977a, b and c). More tests were then carried out 
by Fukumoto et al. (1980 and 1982), Fukumoto and Itoh (1981) and Kubo and 
Fukumoto (1986 and 1988).  
 
The first proposal for designing steel beams against lateral torsional buckling was made 
by Timoshenko (1924) and was essentially a transposition of the design rules for 
flexural buckling of columns. Kerensky et al. (1956) developed design rules for lateral 
torsional buckling of beams as the basis for the British Standard, BS153 (1958). Current 
design criteria based on the limit states format were reviewed by Beedle (1991), Trahair 
and Bradford (1991) and Galambos (1998). 
 
It should be noted that the majority of previous research on lateral torsional stability of 
beams has focused on I-sections. Pi and Trahair (1995) and Zhao et al. (1995), however, 
investigated the lateral torsional buckling of beams of cold-formed rectangular hollow 
sections. Test results revealed that existing design rules, which are mainly based on I-
section beams, were conservative and inappropriate when they are applied to cold-
formed rectangular hollow section beams and modifications to design formula were 
proposed. 
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2.3.3 Beam-columns 
 
The beam-column problem involves the features of both beam bending and column 
stability. The behaviour of beam-columns can be categorised into three types: in-plane 
behaviour, lateral torsional buckling and biaxial bending (Figure 2.4). 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
(a) In-plane behaviour (b)   Lateral torsional buckling (c)   Biaxial bending 
 
Figure 2.4: Beam-column behaviour 
 
 
In-plane behaviour refers to a beam-column which is bent about its major principal axis 
while restrained from deflecting laterally or is bent about its minor principal axis. When 
a beam-column which is bent about its stronger axis is not restrained laterally, it may 
buckle prematurely out of the plane by deflecting laterally and twisting and this action 
is regarded as lateral torsional buckling. Biaxial bending occurs when a beam-column is 
bent about both principal axes, this biaxial bending involves interactions of beam 
bending with beam and column buckling. The literature of the beam-column behaviour 
is reviewed in the following sub-sections.   
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2.3.3.1 In-plane behaviour  
 
Since the late nineteenth century, elastic beam-columns were studied by a number of 
researchers and a full description of the solutions achieved was given by Timoshenko 
and Gere (1961) for various end conditions. Plastic studies of beam-columns were 
started by von Kármán (1908 and 1910) and Chwalla (1928 and 1934). Since then, 
many methods, such as the Ježek’s method (Ježek, 1936; Horne, 1956; Hauck and Lee, 
1963 and Chen, 1971a), the deflection method – a numerical approach using the concept 
of the Column Deflection Curves (CDC’s) (Horne, 1956; Ellis, 1958; Ojalvo, 1960; 
Neal and Mansell, 1963 and Lu and Kamalvand, 1968), the curvature method (Chen and 
Santathadaporn, 1969; Chen, 1970a, b and 1971b and Chen and Atsuta, 1972a) and the 
moment method (Cheong Siat Moy, 1974a, b and 1975), taking into account different 
loading conditions and cross-sectional shapes have been reported. Most of the methods 
were numerical approaches and a detailed description of each method was given in 
Chen and Atsuta (1976). Drastic simplifications and idealisations were made in solving 
the beam-column problems, which include establishing equilibrium only at mid-height 
or at a number of stations along the length of the beam-column, idealising the material 
as elastic-perfectly plastic, assuming the deflected shape of the beam-column axis as a 
known function and idealising the shape of biaxial moment-curvature-thrust 
relationships. 
 
In order to provide a practical design method for in-plane beam-columns, further 
simplifications were made. Design checks were developed based on two design criteria, 
the first yield and interaction criterion. The first yield criterion assumes that a beam-
column reaches its ultimate state when the maximum stress of the most heavily loaded 
section reaches the yield strength. The interaction criterion predicts the ultimate state of 
a beam-column in terms of the maximum strength interaction between the axial load 
and moments. 
 
More recently, Nowzartach and Moherb (2009) investigated the plastic interaction 
relations for elliptical hollow sections under combined compression and bending 
analytically. Gardner et al. (submitted) conducted laboratory testing and finite-element 
modelling to study the beam-column behaviour of EHS at cross-sectional level. On the 
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basis of the experimental and numerical results, it was found that the fully plastic 
interaction formulae derived by Nowzartach and Moherb (2009) were suitable for Class 
1 and 2 cross-sections, while a linear interaction could be applied to Class 3 and 4 cross-
sections. 
 
2.3.3.2 Lateral torsional buckling 
 
The contribution made by Wagner (1936) for the torsional buckling of thin-walled open 
sections led to a rapid progress in the investigation of the lateral torsional buckling 
behaviour of beam-columns. Since then, elastic lateral torsional buckling of beam-
columns was studied extensively by Johnston (1941), Timoshenko (1945), Bleich 
(1936, 1952 and 1953), Horne (1954), Salvadori (1955 and 1956), Timoshenko and 
Gere (1961), Vlasov (1961) and the Column Research Committee of Japan (1971). A 
general expression for the combination of moments and load which causes lateral 
torsional buckling of unrestrained and restrained elastic beam-columns was derived.  
 
For the lateral torsional buckling behaviour of plastic steel beam-columns, detailed 
investigation was carried out by Galambos and Fukumoto (1966), Galambos (1968) and 
Lim and Lu (1970). In the study of Lim and Lu (1970), it was found that the effects of 
pre-buckling deformations and minor axis flexural restraints were important for long 
beam-columns and that the effects of warping restraints were only important in short 
beam-columns.  
 
Early design equations for a beam-column susceptible to lateral torsional bucking were 
proposed on the basis of the design expressions adopted for in-plane behaviour of beam-
columns taking into account the lateral torsional buckling behaviour by Chen and 
Atsuta (1977).  
 
2.3.3.3 Biaxial bending 
 
Biaxially loaded elastic beam-columns with thin-walled open sections have been 
studied analytically since the early twentieth century. Following the related work on 
lateral torsional buckling of Wagner (1936), Wagner and Pretschner (1936) and Kappus 
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(1938), Goodier (1941, 1942a and b) extended the governing differential equations to 
include beam-columns under biaxial bending with the same loading conditions at each 
end. The equations were then simplified by the assumption that twisting and 
displacements of any cross-section of the beam-column are small compared to the 
eccentricities of the loading (Bleich, 1952; Timoshenko and Gere, 1961 and 
Kollbrunner and Meister, 1961).  
 
Goodier’s simplified equations have been reviewed by a number of researchers, 
including Horne (1954 and 1956), Culver (1966a and b), Thürlimann (1953), 
Dabrowski (1961) and Prawel and Lee (1964), Trahair (1969b), Syal and Sharma (1970 
and 1971), Tebedge and Tall (1973), Vinnakota and Aysto (1974) and Vinnakota and 
Aoshima (1974a) for the beam-columns with different boundary conditions, but with 
equal and opposite end moments. These studies have shown that the elastic biaxial 
bending of a beam-column is similar to its in-plane behaviour, in which the major and 
minor axis deflections and the twist all begin at the start of loading and increase rapidly 
as the elastic buckling load is approached. First yield predictions based on these 
analyses gave reasonable estimates of the member resistances of slender beam-columns. 
However, it was found that the first yield predictions are rather conservative for stocky 
members in which considerable spread of yielding occurs before failure. 
 
The plastic behaviour of biaxially loaded beam-columns was also investigated in North 
America and Europe and a review has been published by Chen and Santathadaporn 
(1968). The ultimate load carrying capacity of beam-columns with open cross-sections 
under biaxially loading was studied analytically by Pinadzhyan (1956) and Klöppel and 
Winkelmann (1962); experimentally by Chubkin (1959), Klöppel and Winkelmann 
(1962), Milner (1965) and Birnstiel (1968); and numerically by Klöppel and 
Winkelmann (1962), Johnston (1961), Birnstiel and Michalos (1963), Harstead (1966) 
and Harstead et al. (1968). Various assumptions, including that the displacements of a 
beam-column are given by known simple functions and establishing equilibrium at a 
number of stations along the length of the member, were introduced to simplify the 
differential equations in the above studies.  
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The extension of Ježek’s method adopted for in-plane problems to biaxially loaded 
beam-columns proved to be successful by Sharman and Gaylord (1969) and 
Santathadaporn and Chen (1973). However, no analytical expressions were obtained 
and the column deflection curve (CDC) concept was then extended to biaxially loaded 
beam-column problems, in which numerical solutions were proposed in the form of 
maximum strength interaction curves (for box sections – Ellis et al., 1964 and for H-
sections – Aglan, 1972). The method was further modified by Chen and Atsuta (1977) 
to handle general cross-sections.   
 
Owing to the complexity of the biaxially loaded beam-column problem, a number of 
numerical approaches have been employed to study them, such as the finite difference 
method and the finite element method. The use of the finite difference method was first 
introduced by Milner (1965) for elastically restrained biaxially loaded beam-columns. It 
was found that the effect of unloading after yielding was to strengthen the beam-column 
rather than weaken it and the effect of residual stress was small for restrained beam-
columns. Solutions of elastically restrained beam-columns under biaxial bending and 
torsion were also given by Vinnakota and Aoshima (1974a and 1974b), Vinnakota and 
Aysto (1974) and Chen and Atsuta (1977) using the finite difference method. In 
addition, the finite element method was also employed to solve the biaxially loaded 
beam-column problems, in which the beam-column is analysed as an assembly of finite 
segments instead of one whole element (Chen and Atsuta, 1977). 
 
In addition to the abovementioned literatures on the numerical studies on biaxially 
loaded beam-columns, sophisticated nonlinear numerical analyses have been also made 
on the biaxial bending of ‘real’ beam-columns, taking into account for instance, the 
inelastic behaviour (Pi and Trahair, 1994a and b), residual stresses (Lindner, 1974 and 
Nethercot, 1974), loading conditions (Razzaq and Galambos, 1979 and Frickel, 2003), 
and boundary conditions (Lindner and Gietzelt, 1984).  
 
Another simplified approach to the complex problem of biaxially loaded beam-columns 
is the use of interaction curves or surfaces considering the effect of axial load and 
simultaneous biaxial moments. There was extensive literature on the application of 
upper and lower bounds of limit analysis to obtain interaction curves or surfaces for 
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various loading combinations and cross-sectional shapes (for wide-flange, rectangular 
and circular sections – Morris and Fenves, 1969; for wide-flange and rectangular 
sections – Santathadaporn and Chen, 1970 and for wide-flange sections – Ringo et al., 
1973). The most significant contribution is the development of the method of 
superposition by Chen and Atsuta (1972b and 1974), in which a general thin-walled 
section is treated as a combination of rectangular elements. The exact interaction 
equations for commonly used structural shapes can be obtained directly by adding and 
subtracting rectangular areas. The method is valid for both symmetric and unsymmetric 
sections and open and closed sections and interaction curves for circular hollow sections 
were also derived (Chen and Atsuta, 1977).  
 
As a result of the substantial development, there exist several methods for the design of 
biaxially loaded beam-columns in Europe (Horne, 1964; Young, 1973 and Wood, 1974) 
and North America (Sharman and Gaylord, 1969; Tebedge and Chen, 1974; Pillai and 
Ellis, 1974 and Johnston, 1976) and the detailed approaches and procedures of the 
methods can be found in Chen and Atsuta (1977). In the development of design checks 
of biaxially loaded beam-columns in the Eurocode, extensive numerical investigations 
of the interaction between axial compression and biaxial bending moments were made 
(Ofner, 1997; Lindner and Gietzelt, 1985; Mattey, 1984 and Greiner et al., 1998 and 
1999). The background to the development of the design rules in EN 1993-1-1 (2005) 
was given in Boissonnade et al. (2004) and Greiner and Lindner (2006). It should be 
noted that the development of the design formulae was primarily based on the results of 
numerical simulations of members with double-symmetric I-sections and a number of 
assumptions were made. The assumptions include that the material is elastic-perfectly 
plastic, an idealised pattern corresponding to hot-rolled wide flange sections for the 
residual stresses is utilised, no local buckling failure would occur, the initial 
imperfection of the beam-column is a half-sine wave, the irreversibility of plastic 
deformation is not considered in predicting the deflections and the effects of shear on 
the yielding of material are neglected. Although it was found that the design checks can 
also be applied to tubular sections with modified parameters in the expressions, research 
on biaxially loaded beam-columns of tubular sections is limited.  
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2.4 Numerical modelling 
 
With the development of sophisticated finite element (FE) software packages and with 
significant advances in computational power, numerical modelling has now become a 
key tool for engineering research. Nowadays, FE modelling is widely utilised, 
complementary to laboratory testing, by both researchers and practising engineers for 
the investigation of structural response of thin-walled steel components. There are 
always constraints and limitations on performing physical tests. In order to investigate 
the effect of key parameters on the structural response more completely, parametric 
studies are often undertaken with FE models, once the models have been validated 
against the test data and are deemed capable of replicating test results with sufficient 
accuracy.  
 
The general purpose FE software ABAQUS (ABAQUS, 2006) has been employed for 
the numerical studies performed throughout this thesis. Comprehensive research on the 
FE modelling of thin-walled structural steel components has been carried out by a 
number of researchers (Tutuncu and O’ Rourke, 2006; Teng and Hu, 2007 and Chan 
and Gardner, 2008a, b and 2009), the conclusions of which are utilised in this project. 
Relevant modelling assumptions, including the adopted element type, analysis 
techniques, material modelling and geometric imperfections, employed in the FE 
studies performed in this thesis are discussed in this chapter. 
 
2.4.1 Element type  
 
Shell elements are customarily utilised to simulate thin-walled structural components. 
The ABAQUS element library (ABAQUS, 2006) contains a range of shell elements. 
The element adopted in the present study is S4R, a 4-node doubly curved general-
purpose shell element, with reduced integration and finite membrane strains, which has 
performed well in numerous similar applications (Chan and Gardner, 2008a, b and 
2009). 
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2.4.2 Material modelling 
 
Structural carbon steel exhibits a sharp yield point stress-strain relationship (Figure 2.5). 
At low strains, structural steels have linear elastic behaviour and the stiffness, known as 
the Young’s modulus, is a constant until the yield strength is reached; after which, there 
is a yield plateau, and at higher strains, the material exhibits strain hardening until the 
ultimate load is reached.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2.5: Nominal stress-strain curve of structural steels 
 
 
The stress-strain properties that are employed in the numerical models are normally 
extracted from tensile testing. Nominal stresses (load per unit undeformed area) and 
nominal strains (length change per unit undeformed length) are utilised in the stress-
strain relationship. However, a metal deforming plastically under a tensile load may 
experience highly localised extension and thinning, called necking and the 
corresponding nominal stress is much lower than the material’s true ultimate strength; 
whereas if the metal is loaded in compression, a different stress-strain plot would be 
obtained as there is no necking region. Therefore, a mathematical model, which is able 
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to account for the differences in the compressive and tensile behaviour independent of 
the structure’s geometry or the nature of the applied loads, is adopted in ABAQUS 
(2006) and which is embodied in the present study. The modified stress-strain curve is 
in the true stress true – log plastic strain pllnε  format; the relationships between true and 
nominal stresses and strains are given by: 
 
)1( nomnomtrue ε+σ=σ     (2.1) 
 
E
)1ln( truenomplln
σ
−ε+=ε     (2.2) 
 
where nom and εnom are the nominal (engineering) stress and strain respectively and E is 
the Young’s modulus. 
 
2.4.3 Geometric imperfections 
 
Initial geometric imperfections (both local and global) are introduced into structural 
sections during production, fabrication and handling and can significantly influence 
structural behaviour of any structural component prone to instability. In the present 
study, the global instabilities of elliptical hollow sections are investigated and therefore 
only the global initial geometric imperfections, which are introduced by applying a 
lateral point load at mid-span, are modelled in the numerical studies. 
 
2.4.4 Residual stresses 
 
For hot-finished tubular sections, the level of residual stresses is generally low. For EHS, 
this has been supported by two observations: (1) negligible deformations occurred when 
the material tensile coupons were machined from the cross-sections and (2) a distinct 
yield point was seen in the stub column tests performed by Chan and Gardner (2008a), 
which high residual stresses would erode. Therefore, residual stresses are not included 
in the FE models in this study. 
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2.4.5 Analysis technique 
 
The behaviour of thin-walled structures is affected by material nonlinearity, geometric 
nonlinearity and the interaction thereof. In all the numerical analyses conducted in the 
present study, the modified Riks method (ABAQUS, 2006) has been employed, which 
accounts for material and geometric nonlinearities and enables tracing of the post-
bucking response beyond the yield limit. 
 
 
2.5 Structural reliability 
 
In Europe, codes of practice have been developed to provide authoritative guidelines to 
designers and contractors and to provide a basis of compliance for building 
specifications. However, different codes for various structural materials, loadings and 
types of construction have been prepared by different committees. Consequent 
anomalies resulted in different levels of safety and performance from various codes, and 
comparison of economy of alternative designs would become impossible to make. 
There was obviously a need for rationalisation in structural design codes (CIRIA 
Report, 1977). 
 
In the late 1960s, the introduction of the reliability concept that all loads and strengths 
are random variables and the development of reliability analysis provided a fundamental 
basis for assessing structural adequacy such that structural design codes can be 
rationalised and unified. In addition, an identical notional reliability level should be 
achieved between any new and existing codes and this target reliability formed the basis 
for the probability-based design criteria and the code rationalisation.  
 
In the reliability concept, the action and resistance are treated as probability distributed 
functions. Failure occurs when action is larger than resistance, which is represented by 
the area under curve in Figure 2.6, in which Pf is the probability of failure. S and R 
and S and R are the mean values and standard deviations of action and resistance 
respectively. 
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Hasofer and Lind (1974) first established the reliability index  which is a quantity 
equivalent to the probability of failure Pf.  is determined by: 
 
2
R
2
S
SR
σ+σ
µ−µ
=β      (2.3) 
 
    Pf = (-)      (2.4) 
 
where  is a cumulative distribution function of the standardised normal distribution. 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2.6: Illustration of the concept of probability of failure Pf 
 
 
Generally, Pf and  can be solved for a given limit state function by using reliability 
methods, such as the first order reliability method (FORM), a more refined second order 
reliability method (SORM) or a full probabilistic Monte Carlo Simulation, taking into 
account the uncertainties in input variables or scatter in the materials data. However, 
due to a number of conceptual and operational difficulties in a full-scale reliability 
analysis, many studies are undertaken using the first-order reliability method (FORM), 
so called due to the way the uncertainty in the variables and the linearisation underlying 
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the reliability analysis are characterised, to solve the reliability problem. The principle 
of FORM is shown in Figure 2.7 below (Augusti et al., 1984; Ditlevsen and Madsen, 
1996 and Sedlacek and Muller, 2006). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2.7: Basis of the first order reliability method 
 
 
where Sd and Rd and S and R are the design values and weighting factors of the action 
and resistance respectively. 
 
The selection of target reliability values depends on a number of factors (CIRIA Report, 
1977) and is briefly outlined in ISO 2394 (1998). It is stated that the required reliability 
corresponds to the accepted lethal accident rate for an ultimate limit state (Pf) of 10-6 per 
year for a single mode and a single member failure, which is equivalent to the reliability 
index 1 = 4.7 (for one year) and this value corresponds to the target reliability index 
adopted in EN 1990 (2002) for an ultimate limit state per year. The reliability index for 
a period of n years can be then obtained by the following approximate equation: 
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n
1n )]([)( βΦ=βΦ        (2.5) 
 
By putting 1 = 4.7 and n = 50 into the cumulative distribution function, 
 
9999987.0)7.4( 1 ==βΦ  and 99993.0)]7.4([ 501 ==βΦ  
 
The solution of Equation (2.3) is 50 = 3.8, where 99993.0)( 50 =βΦ . 
 
Therefore, the reliability index for a 50 year design working life for building structures, 
50 is 3.8, which is adopted as the basis for the derivation of partial safety factors for the 
ultimate limit state in the Eurocodes. It should be noted that the Eurocodes primarily 
deal with structural strength on a member level, while non-structural measures and 
structural system behaviour are seldom considered in conjunction and human errors and 
unforeseen actions are not explicitly taken into account (EN 1990, 2002). 
 
Weighting factors S and R are generated by FORM to solve reliability problems. The 
exact solutions of the weighting factors can be obtained from rigorous reliability 
equations with the given action and resistance functions. However, in most cases, it 
would be difficult to identify the most critical action for the design and therefore a semi-
probabilistic safety concept, in which no explicit reliability calculations are undertaken, 
is adopted in the Eurocodes. This approach sets the sensitivity factors of the action and 
resistance sides, S and R to -0.7 and 0.8 respectively. A set of partial safety factors are 
then obtained by comparing the nominal and design values, the use of which in 
conjunction with the limit states defined in the codes, ensures a reliable structural 
design.  
 
A standard statistical evaluation method based on FORM was developed for the 
Eurocodes, and is set out in Annex D – Design assisted by testing of EN 1990 (2002) 
and is applicable to all kinds of materials and means of construction. With this 
evaluation method, a transparent unified European basis for the equal treatment of 
research results, unique verifications, technical approvals and design codes is available 
that facilitates the transfer of research results to practical applications, but also 
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encourages new innovative approaches for design and evolution of new structural 
products. The background information to the development of the reliability-based 
Eurocodes was presented in  IABSE Colloquium (1996) and further discussed by 
Gulvanessian et al. (2002), Gulvanessian and Holicky (2005), Sedlacek and Muller 
(2006), Burdekin (2007) and Sedlacek and Kraus (2007). 
 
In the United States, similar to the Eurocodes, the Load and Resistance Factor Design 
(LRFD) code for Structural Steel Buildings (AISC, 2005) is also based on the limit 
states of strength and serviceability combined with a first-order probability analysis. In 
the 1970s, a consistent approach to strength evaluation and structural reliability was 
developed and eight papers on this subject were published in the Journal of the 
Structural Division, ASCE to assist in documenting the origin (Ravindra and Galambos, 
1978; Yura et al., 1978; Bjorhovde et al., 1978; Cooper et al., 1978; Hansell et al., 1978; 
Fisher et al., 1978; Ravindra et al., 1978 and Galambos and Ravindra, 1978).  
 
The fundamental basis for implementing reliability analysis to obtain the resistance 
factors (i.e. partial factors) in the US code is similar to that applied in the Eurocodes. 
However, the formulations are slightly different due to various approximations in 
performing FORM and some different values are employed for certain parameters based 
on various simplifications and engineering judgement. The main difference of the 
reliability analysis between the Eurocodes and the US Codes is the target reliability 
level, with the reliability indices of 3.8 (EN 1990, 2002) and 2.6 (AISC, 2005) 
respectively for members of a maximum lifetime of 50 years. Also, the sensitivity factor 
for resistance, R adopted in the US Codes is more conservative, with the value of 0.55; 
while a value of 0.8 is employed in the Eurocodes. More details of the probability-based 
load resistance factor design adopted in the US codes have been reported by Galambos 
et al. (1982) and Ellingwood et al. (1982).                                                                                                                                                   
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2.6 Concluding remarks 
 
An overview of previous research on elliptical hollow sections, relevant literature on the 
structural behaviour of columns, beams and beam-columns of tubular sections, recent 
developments in numerical modelling and the treatment of structural reliability in 
design standards has been presented in this chapter. Previous research has mainly 
focused on I-sections and square, rectangular and circular hollow sections, and the 
introduction of elliptical hollow sections calls for further studies in this area. To date, 
knowledge on the structural behaviour and global instability of elliptical hollow sections 
is still limited and the present research aims at developing a set of comprehensive and 
statistically verified design guidelines for elliptical hollow section members. 
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Chapter 3 
 
Instability in EHS beams 
 
3.1  Introduction 
 
In this chapter, the lateral torsional buckling (LTB) behaviour of elliptical hollow 
section members is investigated both experimentally and numerically. Six tensile 
coupons and eight laterally unrestrained beams, with a constant cross-sectional aspect 
ratio of two and four different member lengths, have been tested and the test results 
have been used to validate numerical models. Numerical parametric studies considering 
a range of cross-sectional aspect ratios and member slendernessess have been performed. 
Based on the experimental results, reliability analyses in accordance with EN 1990 
(2002) have been performed in Chapter 5 to confirm the validity of proposed design 
rules for laterally unrestrained EHS beams. Finally, limiting lengths, below which 
lateral torsional buckling need not be checked, have been derived analytically for EHS 
beams. 
 
When laterally unrestrained beams are bent about their major axis, they may fail by 
lateral torsional buckling. The closed nature of tubular sections results in high torsional 
stiffness, making them inherently resistant to this buckling mode. Nonetheless, for 
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longer member lengths and higher aspect ratios, lateral torsional buckling of elliptical 
hollow section members will be experienced.   
 
The first studies of lateral torsional buckling in beams of narrow rectangular cross-
section were conducted by Michell (1899) and Prandtl (1899). Subsequent work by 
other researchers led to the development of a general theory of lateral torsional buckling, 
which includes the effect of warping, as described in Timoshenko and Gere (1961). For 
a perfectly straight beam of uniform symmetrical cross-section and standard restraint 
conditions (i.e. restrained against twisting and vertical and lateral deflections at supports, 
but free to rotate on plan) under pure bending, the elastic critical moment Mcr is given 
by: 
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L
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=      (3.1) 
 
where E is the Young’s modulus, G is the shear modulus, Iz is the second moment of 
area about the minor axis, It is the torsion constant, Iw is the warping constant and L is 
the length of the beam. The critical moment depends on EIz, the minor axis flexural 
rigidity, GIt, the torsional rigidity and EIw, the warping rigidity of the beam. It should be 
noted that Equation (3.1) ignores the effects of in-plane bending prior to buckling (i.e. 
major axis curvature
y
cr
2
2
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−= ), which produces a conservative result. 
 
For non-uniform bending moment along the beam length, the elastic buckling moment 
given by Equation (3.1) can be modified by introducing an equivalent uniform moment 
factor, C1, hence: 
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The value of the equivalent uniform moment factor C1 depends on the shape of the 
bending moment diagram; for the case of three-point bending examined in the present 
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study, C1 = 1.35. For beams with non-uniform cross-sections or with different loading 
or restraint conditions, determination of Mcr is more complex. Approximate solutions 
for a wide range of loading and boundary conditions have been presented by Trahair 
(1993).  
 
In EN 1993-1-1 (2005), the elastic critical moment Mcr is incorporated into a beam 
slenderness parameter LTλ . The reduction of moment capacity of a beam due to lateral 
torsional buckling can then be determined from lateral torsional buckling curves 
presented as a function of beam slenderness. This is discussed further in Section 3.4. 
 
 
3.2 Experimental study 
 
A full-scale experimental investigation into EHS member instability in bending has 
been carried out in the Structures Laboratory at Imperial College London. The tested 
sections were all hot-finished from grade S355 steel and produced by Corus Tubes. The 
experimental programme comprised six material tensile coupon tests and eight beam 
tests loaded about the major principal axis. The tested EHS had an aspect ratio of 2, 
overall outer cross-section dimensions of 150×75 mm and thickness of 5 mm, which is 
the thinnest non-slender section of the range. 
 
3.2.1 Tensile coupon tests 
 
Material tensile coupon tests were conducted in accordance with EN 10002-1 (2001) to 
determine the basic engineering stress-strain response of the material of the tested 
sections. The specimens for the bending tests originated from six lengths of material 
and one coupon was taken from each for material testing. Parallel necked coupons, each 
with a neck length of 150 mm and width btc of 20 mm, giving a standard gauge length 
of 55 mm, were machined longitudinally along the centreline of the flattest portions of 
the elliptical hollow sections. A series of overlapping proportional gauge lengths were 
marked down the complete length of each side of the coupon to determine the ultimate 
strain at fracture after testing. 
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The tensile coupon tests were performed using an Instron 8802 2000 kN hydraulic 
testing machine. A linear electrical clip gauge was affixed at the centre of the tensile 
coupons to measure the strain. Strain control was used to drive the testing machine at a 
strain rate of 0.001%/s within the elastic range, 0.002%/s along the yield plateau and 
0.04%/s until fracture of the specimen. Static loads were obtained at key stages by 
holding the cross head of the machine for 2 minutes to allow stress relaxation to take 
place. The static yield strength was obtained by averaging three static loads obtained 
along the yield plateau and the ultimate static load was also recorded – see Figure 3.1. 
Load, strain and other relevant variables were all recorded at one second intervals using 
the fully-integrated modular software package, Blue-hill 2. 
 
Mean measured dimensions and the key results from the six tensile coupon tests are 
reported in Tables 3.1 and 3.2. The reported material parameters are the Young’s 
Modulus E, static yield stress fy, static ultimate tensile stress fu and the plastic strain at 
fracture based on elongation over the standard gauge length εf1 and the reduction of 
cross-sectional area εf2 of the coupons.  A typical stress-strain curve is depicted in 
Figure 3.1. The obtained material properties were subsequently used to facilitate the 
analysis of the member test results and were integrated into the numerical simulations to 
replicate the response of the tested specimens. 
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Figure 3.1: Tensile material stress-strain curve for coupon TC1 
 
 
Table 3.1: Mean measured dimensions of tensile coupons 
Specimen 
Width btc Thickness t 
mm mm 
TC1 20.07 4.98 
TC2 20.09 5.01 
TC3 20.12 4.97 
TC4 20.04 4.93 
TC5 20.00 4.94 
TC6 20.04 4.90 
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Table 3.2: Key results from tensile coupon tests 
Specimen E fy fu εf1 εf2 
N/mm2 N/mm2 N/mm2 % % 
TC1 214100 359 493 39 62 
TC2 212900 350 481 40 64 
TC3 218200 343 472 36 68 
TC4 212000 329 461 39 65 
TC5 217000 360 485 38 64 
TC6 221400 369 474 40 70 
 
 
3.2.2 Lateral torsional buckling tests 
 
A three-point bending configuration was adopted to investigate member instability in 
EHS beams under a moment gradient. The spans considered were 4, 6, 8 and 10.7 m to 
produce non-dimensional member slendernesses LTλ  ranging from 0.29 to 0.48. Two 
repeated tests were performed for each length to access variability of the results. The 
general layout of the test set-up is depicted schematically in Figure 3.2. Since the 
vertical deflections were substantial for the long beams, in order to avoid constructing 
the test rig at an inaccessibly high level, the load was applied upwards. 
 
 
 
 
 
 
 
 
 
Figure 3.2: Schematic illustration of three-point bending arrangement 
 
  
Simple support at both ends Load Specimen 
Specimen length L 
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3.2.2.1 Loading system 
 
The loading system was carefully designed to ensure that the load was applied vertically 
through the shear centre of the section irrespective of deformations, while allowing free 
out-of-plane deflection and twist rotation at the loading point. The configuration of the 
loading system is shown in Figure 3.3. The loading frame, which was able to move in 
the vertical plane only, was lifted by a hydraulic winch. A circular steel block with an 
elliptical cut-out to fit around to the test specimens was inserted into a circular bearing. 
Load was then applied by contact between the loading frame and the bearing which 
allowed the beam to deflect sideways and twist, but ensured that the load was still 
applied vertically through the shear centre. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(a) Cross-section of loading frame 
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(b) Plan view of loading frame 
 
 
 
 
(c) Experimental set-up 
 
Figure 3.3: Loading frame 
Loading frame 
Bearing 
Specimen 
Simple end support 
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3.2.2.2 Support system 
 
The simply supported in-plane and out-of-plane end conditions were achieved by fixing 
the supports against in-plane (vertical) deflections, out-of-plane (lateral) deflections and 
twist rotations, but allowing free in-plane rotations, minor axis rotations and warping 
displacements. This test configuration was similar to that adopted by Trahair (1969a), 
Papangelis (1987) and Zhao et al. (1995). Figure 3.4 illustrates the support conditions. 
The in-plane vertical deflections were prevented by the supporting tracks, while the 
beam was free to rotate about the horizontal axis (1-1). The out-of-plane deflections and 
twist rotations were restrained by a threaded rod through the specimen while the beam 
was able to rotate freely about the vertical axis (2-2). Longitudinal displacement at the 
loading point was prevented by guide rails, while the supported ends were free to move 
longitudinally. This was achieved by the support bearings which could move 
longitudinally along the supporting tracks. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(a) Cross-section of end supports 
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(b) Plan view of end supports 
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(c) Elevation of experimental set-up 
  
Figure 3.4: Support system 
 
 
3.2.2.3 Instrumentation 
 
Three draw wire transducers were located at the mid-span of the specimens to measure 
the in-plane and out-of-plane deflections and twist rotations. A further three draw wire 
transducers and one inclinometer were positioned at each end of the beams to measure 
their longitudinal movement due to bending and the end rotations. Two linear electrical 
resistance strain gauges were affixed to the extreme tensile and compressive fibres of 
the section at a distance of 150 mm from the mid-span of the beam. Applied load was 
measured by means of a tensile load cell incorporated into the hydraulic winching 
system, while end support reactions were measured using compressive load cells. Load, 
strain, displacement and input voltage were all recorded using the data acquisition 
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z 
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a 
equipment DATASCAN and logged using the DSLOG computer package.  All data 
were recorded at one second intervals. 
 
Measurements of the cross-section geometry and maximum global initial geometric 
imperfections ωg (determined by means of a laser beam directed along the member 
length) were taken prior to testing and are reported in Table 3.3. The geometry of an 
elliptical hollow section is depicted in Figure 3.5, where 2a is the larger outer diameter, 
2b is the smaller outer diameter and t is the thickness. Residual stresses were not 
measured in this study, but two observations suggested that the level of residual stresses 
in the specimens was low: (1) negligible deformations occurred when the material 
tensile coupons were machined from the cross-sections and (2) a distinct yield point was 
seen in the stub column tests performed by Chan and Gardner (2008a), which high 
residual stresses would erode. 
 
 
 
 
 
 
   
 
 
 
 
 
 
 
Figure 3.5: Geometry of an elliptical hollow section 
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Table 3.3: Mean measured specimen dimensions and global imperfections 
Beam 
Taken from steel 
with coupon mark 
Length L 2a 2b t ωg 
m mm mm mm mm 
LTB04A TC6 4.02 149.85 75.73 4.98 2.86 
LTB04B TC5 4.02 150.09 75.87 4.98 2.97 
LTB06A TC6 6.03 150.15 75.78 4.88 4.98 
LTB06B TC5 6.02 149.76 75.06 5.06 4.46 
LTB08A TC2 8.07 150.11 75.72 4.96 9.62 
LTB08B TC3 8.02 150.15 75.64 4.92 9.29 
LTB11A TC1 10.70 149.95 75.90 5.03 10.51 
LTB11B TC4 10.70 149.96 75.72 4.96 10.78 
 
 
3.2.2.4 Test results 
 
Graphs showing the mid-span bending moment versus vertical deflection curves for the 
eight test specimens are shown in Figures 3.6 to 3.9, while a summary of the test results 
is presented in Table 3.4. Photos of the deformed members are given in Appendix A.1. 
 
Table 3.4: Summary of beam test results 
Beam LTλ  
Ultimate moment Mu 
Mu/Mpl 
kNm 
LTB04A 0.29 30.2 1.14 
LTB04B 0.29 30.1 1.16 
LTB06A 0.35 32.0* 1.23 
LTB06B 0.36 31.6 1.22 
LTB08A 0.41 30.4* 1.22 
LTB08B 0.40 29.2 1.20 
LTB11A 0.48 28.6 1.10 
LTB11B 0.46 27.1 1.16 
* Peak moment not reached; final recorded moment shown, though curves  
   were essentially flat. 
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Figure 3.6: Ultimate bending moment versus vertical deflection at mid-span of 4 m 
beams 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3.7: Ultimate bending moment versus vertical deflection at mid-span of 6 m 
beams 
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Figure 3.8: Ultimate bending moment versus vertical deflection at mid-span of 8 m 
beams 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3.9: Ultimate bending moment versus vertical deflection at mid-span of 10.7 m 
beams 
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All test specimens failed largely by in-plane bending as shown in Figure 3.10. However, 
the modest influence of lateral torsional buckling was indicated by lateral deflection and 
twist of the test specimens towards their peak moment, and a general reduction in 
ultimate moment capacity with increasing member length (and slenderness  LTλ ), as 
shown in Table 3.4. Note that LTλ  was determined  from the general definition 
cr
yy
LT
M
fW
=λ , where Wy is the major axis section modulus and Mcr is the elastic 
buckling moment, calculated from Equation (3.2), with C1 = 1.35. 
 
 
 
 
Figure 3.10: Lateral torsional buckling test arrangement (LTB11A) 
 
 
The obtained test results demonstrate the minor influence of lateral torsional buckling 
on elliptical hollow sections with an aspect ratio of two. These results have been used to 
validate FE models in the following section, after which the influence of aspect ratio is 
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examined by means of parametric studies. Design recommendations are then made on 
the basis of the findings.    
 
 
3.3 Numerical simulations 
 
The experimental results were initially replicated numerically using the finite element 
(FE) package ABAQUS (2006). Parametric studies using the validated models were 
then performed to generate additional results to assess EHS member instability for a 
range of cross-sectional aspect ratios and member slendernesses. The elements chosen 
for the FE models were four-noded, reduced integration shell elements with six degrees 
of freedom per node, designated as S4R in the ABAQUS (2006) element library, since 
they were employed successfully in the previous simulations of thin-walled steel 
structures (Ellobody and Young, 2005; Tutuncu and O’Rourke, 2006; Teng and Hu, 
2007; Gardner and Chan, 2007 and Chan and Gardner, 2008a, b and 2009). A uniform 
mesh density was carefully chosen by performing a mesh convergence study. The 
critical buckling moments of a 6 m EHS beam obtained with different mesh sizes were 
compared in Table 3.5 and the optimum size of the mesh was found to be 15 × 15 mm 
to achieve accurate results with minimum computational effort. 
 
 
Table 3.5: Comparison between different mesh sizes 
Mesh size FE Mcr FE Mcr normalised by  
FE Mcr with 5 × 5 mesh  mm × mm kNm 
5 × 5 198.6 1.000 
10 × 10 197.9 0.997 
15 × 15 197.5 0.995 
20 × 20 196.5 0.989 
25 × 25 191.6 0.965 
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The measured geometric and material properties of the specimens were employed in the 
numerical models. The initial global geometric imperfections were also included by 
applying a lateral point load to the specimen at mid-span. The true material stress-strain 
relationship was input by converting a multi-linear stress-strain curve derived from the 
static engineering stress-strain curves obtained from the tensile coupon tests.  
 
Boundary conditions were carefully modelled to simulate simply supported end 
conditions with restrained in-plane and out-of-plane deflections and twist rotations, but 
unrestrained in-plane and out-of-plane rotations. The modified Riks method (ABAQUS, 
2006), which enabled the unloading behaviour to be traced, was employed to solve the 
geometrically and materially nonlinear numerical models. 
  
3.3.1 Validation of models and parametric studies 
 
The ultimate moment capacities obtained from the FE models are compared with the 
tests results in Table 3.6. A typical comparison of mid-span bending moment versus 
vertical deflection is depicted in Figure 3.11. Overall, satisfactory agreement between 
the test results and those obtained from the numerical models was achieved, with the 
numerical models being able to predict accurately the initial stiffness, ultimate capacity 
(with a mean ratio of test to FE ultimate moment of 1.03), general load-deformation 
response and failure patterns observed in the tests.    
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Table 3.6: Comparison between test and FE ultimate moments 
Beam Test Mu / FE Mu 
LTB04A 0.98 
LTB04B 0.96 
LTB06A 1.08 
LTB06B 1.02 
LTB08A 1.08 
LTB08B 1.05 
LTB11A 1.03 
LTB11B 1.07 
Mean 1.03 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3.11: Comparison between test and FE results for LTB06B specimen 
 
 
Upon validation of the FE models, a series of parametric studies were conducted. The 
primary aim of the parametric studies was to investigate the influence of different aspect 
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ratios and member slendernesses on the lateral torsional buckling behaviour of EHS 
members. The obtained results were used to develop lateral torsional buckling design 
guidance for EHS. A piecewise linear material stress-strain model developed from an 
average of the six measured stress-strain curves obtained from the tensile coupon tests, 
which is shown in Figure 3.12, was employed for all numerical models. Initial 
geometric imperfections with an amplitude ωg of L/500, which is the tolerance stated in 
EN 10210-2 (2006), were included in the nonlinear parametric analyses by applying a 
lateral point load to the specimen at mid-span. The outer height and thickness of the 
cross-section considered in the parametric studies were fixed to 150 mm and 5 mm 
respectively. A range of cross-sectional aspect ratios from 2 to 6 and non-dimensional 
member slendernesses zλ  from 2 to 12 was considered. The results are analysed in the 
following section. It should be noted that the range of the parameters considered is 
wider than that typically employed in practical situations, but enables a full exploration 
of the lateral torsional buckling phenomenon in EHS. Figure 3.13 shows the 
deformation of cross-sections at mid-span for two EHS beams with aspect ratios of (a) 
two and (b) four. Both beams have a non-dimensional member slenderness zλ  of  8.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3.12: Multi-linear stress-strain curve 
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Figure 3.13: Deformed cross-section at mid-span from numerical model 
 
 
3.4 Design recommendations 
 
In this section, the results of the LTB experiments and numerical parametric studies are 
compared with current design provisions for lateral torsional buckling given in EN 
1993-1-1 (2005). Statistical analysis in accordance with EN 1990 (2002) – Annex D is 
then performed in Chapter 5 to access the reliability of the design recommendations. 
The concept of limiting lengths, below which lateral torsional buckling need not be 
considered, is also discussed and limiting values with respect to cross-sectional aspect 
ratios are proposed. 
 
 
3.4.1 Existing buckling resistance check 
 
The lateral torsional buckling curves given in EN 1993-1-1 (2005) were developed 
partly on the basis of numerical simulations and partly by comparison with test results 
(Greiner, 2001).  
 
(a) Aspect ratio of 2 (b) Aspect ratio of 4 
Original 
position 
Original 
position 
Displaced 
position 
Displaced 
position 
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The design buckling resistance Mb,Rd is given in EN 1993-1-1 (2005), Clause 6.3.2.1 as: 
 
1M
y
yLTRd,b
f
WM
γ
χ=          (3.3) 
 
where LT is the reduction factor for lateral torsional buckling, fy is the yield strength, 
Wy is the section modulus appropriate for the cross-section classification and 1 is the 
partial factor for buckling resistance with a recommended value of 1.00.  
 
The buckling reduction factor is obtained from:  
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in which LT is the imperfection factor, LTλ is the non-dimensional beam slenderness, 
0,LTλ is the length of the plateau of the buckling curve and Mcr is the elastic critical 
moment for lateral torsional buckling. 
 
In EN 1993-1-1 (2005), there are two different cases given for the selection of lateral 
torsional buckling curves. For the general case, values of 0.2 and 1.0 are recommended 
for 0,LTλ  and  respectively; while for rolled sections or equivalent welded sections, 
values of 0.4 and 0.75 should be adopted. For hot-finished hollow sections, the general 
case with buckling curve ‘d’ should be employed. However, despite the buckling curves 
for the general case starting from 0,LTλ = 0.2, EN 1993-1-1 (2005) Clause 6.3.2.2 (4) 
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states that no reduction is required when LTλ  0.4; this creates a step in the resistance 
function at LTλ = 0.4, as shown in Figure 3.14. 
 
In the UK National Annex (2008) and the ECCS TC8 report (Boissonnade et al., 2006), 
it is stated that for the case of rolled or equivalent welded sections, 0,LTλ  = 0.4 and  = 
0.75 should be used for hot-finished hollow sections and the buckling curve should be 
selected based on the aspect ratio of the cross-sections. Buckling curves ‘b’, ‘c’ and ‘d’ 
should be employed for section height to width ratios h/b  2, 2.0 < h/b  3.1 and h/b > 
3.1, respectively. In the context of EHS, h/b could be replaced by a/b. The resulting 
buckling curves are plotted in Figure 3.14 together with the results obtained from the 
experiments, including those reported in Chan and Gardner (2008b) and Gardner et al. 
(2008) with similar cross-section slenderness as the tested specimens, and numerical 
parametric studies. 
 
The trends of the experimental and numerical data shown in Figure 3.14 indicate that 
both the plateau length 0,LTλ  = 0.4 and the existing lateral torsional buckling curves are 
appropriate for hot-finished elliptical hollow sections. Statistical analysis has been 
performed in Chapter 5 to verify the reliability of the buckling function. 
 
The influence of cross-sectional aspect ratio on the lateral torsional buckling behaviour 
of elliptical hollow sections can be assessed with reference to the results obtained from 
the validated FE model (see Figure 3.15, in which zλ  is the minor axis non-dimensional 
member slenderness for flexural buckling). For shorter beams, the ultimate moment 
capacity is greater than Mpl due to strain hardening in the stiffer regions of the EHS 
arising at the extreme fibres (Gardner and Chan, 2007). For longer beams, it is shown 
that the moment capacity reduces with increasing aspect ratio owing to the increased 
susceptibility to lateral torsional buckling. In order to illustrate the effect of cross-
sectional aspect ratio only on lateral torsional buckling behaviour of EHS, the influence 
of strain hardening was eliminated by using an elastic, perfectly plastic stress-strain 
curve in the numerical models and the corresponding results were plotted in Figure 
3.16. Comparing Figures 3.15 and 3.16, the effect of strain hardening is more 
significant for cross-sections with lower aspect ratios where the members fail 
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predominantly by yielding, while for higher aspect ratios, the dominating failure mode 
is lateral torsional buckling, which is less controlled by material strength – this is 
illustrated by similar values of normalized ultimate moments obtained for EHS beams 
with high aspect ratios in both graphs. The relationship between cross-sectional aspect 
ratio and limiting length of the member, below which lateral torsional buckling can be 
ignored, is investigated in Section 3.4.3.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3.14: Normalised test and numerical results and beam buckling curves 
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Figure 3.15: Influence of aspect ratio on lateral torsional buckling behaviour 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3.16: Influence of aspect ratio on lateral torsional buckling behaviour of models 
without strain hardening 
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3.4.2 Limiting length concept 
 
Lateral torsional buckling need not be considered if a member is not susceptible to 
torsional deformation. For rectangular hollow sections (RHS), limiting values of 
member slenderness for flexural buckling λz (BS 5950-1, 2000 and AS 4100, 1998) or 
of the ratio of member length to section height (Rondal et al., 1996) have been 
recommended to determine whether or not a member is susceptible to torsional 
deformation under bending. This limiting length concept can also be applied to elliptical 
hollow sections, which become more susceptible to torsional deformation under 
bending with increasing cross-sectional aspect ratio. 
 
3.4.3 Proposal of limiting length for EHS 
 
Limiting lengths Lc for elliptical hollow section have been proposed in SCI/BSCA 
(2009). The calculation was based on the formulation of LTλ  (Equation (3.6)) and Mcr 
which can be obtained from Equation (3.1) or (3.2) for closed sections with negligible 
warping effects. 
 
From these expressions (Equations (3.1) and (3.6)), the limiting length can be obtained 
by (Rondal et al., 1996 and SCI/BSCA, 2009): 
 
yy
tz
2
0,LT
c fW
GIEI
L
piλ
=      (3.7) 
 
Based on a plateau length 0,LTλ  = 0.4, and taking the nominal values of E = 210 000 
N/mm2 and fy = 355 N/mm2, the limiting length for an EHS 150×75×5 is found to be 
5.66 m. 
 
The above relationship is useful, but may be more conveniently presented in terms of 
cross-sectional aspect ratio γ = a/b, by utilising the below derived simplified expressions 
for section properties, derived from those given in EN10210-1 (2006). 
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Defining the aspect ratio, 
b
a
=γ  and within the practical range of cross-sectional 
properties (2a/t  16), certain terms within the expressions below become negligible and 
may be discarded to simplify the formulae; typically these are the terms with t to the 
power of 2 or more. 
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To simplify the expression further, 2a/t = 16 is taken, which is the minimum value for 
the standard range of hot-finished EHS and therefore,  
 
(3.14) 
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The section properties obtained by exact methods (A – Chan and Gardner, 2008a; Iy, Iz, 
Wpl,y and Wel,y – Chan and Gardner, 2008b and It – EN10210-1, 2006) and the above 
derived approximate formulae are compared for all the standard sections in Figure 3.17. 
In order to minimise the error in further derivation of the limiting length, a correction 
factor obtained by fitting a linear trendline to the plot is incorporated in the approximate 
formulae of the section properties. The correction factors for each section property are 
summarised in Table 3.7. For instance, the expression of cross-sectional area is now 
modified by 
.Approx.Approx AY'A = and other section properties can be obtained in the 
similar way. 
 
 
Table 3.7: Summary of correction factors for approximate section properties 
Section  Correction factor 
property Y 
A 0.9843 
Iy 0.9332 
Iz 0.8769 
It 0.8742 
Wpl,y 0.9593 
Wel,y 0.9280 
  
 
 
 
(3.15) 
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(a) Area, A          (b) Second moment of area, Iy 
 
 
 
 
 
 
 
 
 
(c) Second moment of area, Iz    (d) Torsion constant, It 
 
 
 
 
 
 
 
 
 
       (e) Plastic modulus, Wpl,y    (f) Elastic modulus, Wel,y 
 
Figure 3.17: Comparison of section properties obtained by the exact and approximate 
formulae 
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Putting all the approximate expressions of section properties into the Lc formulation 
(Equation (3.7)), the limiting length in terms of cross-sectional aspect ratio can be 
expressed by: 
 
For Class 1 and 2 sections, 
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Early work on the effects of pre-buckling deflections in the plane of bending showed 
that the pre-buckling deflections could increase the buckling resistance of the member. 
Vacharajittiphan et al. (1974) investigated the effect of in-plane deformations on lateral 
torsional buckling and for simply supported beams subject to equal and opposite 
moments, a more exact value of elastic critical moment is given by:  
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The influence of the pre-buckling in-plane deflections may be included in the limiting 
length concept to achieve improved efficiency; this idea has been already considered in 
(3.16) 
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BS 5950-1 (2000) and AS 4100 (1998) in the derivation of limiting lengths for RHS 
(Kaim, 2004). 
 
Since for EHS, Iw = 0, the modified limiting length Lc′ is found to be: 
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in which 
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For Class 3 sections, the expression of Wpl,y is replaced with Wel,y into Equation (3.7) 
and the limiting length, with the inclusion of the influence of pre-buckling in-plane 
deflections, is found to be: 
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For Class 4 EHS sections, the member resistance depends on the effective cross-
sectional properties. Since the formulations (Chan and Gardner, 2008 a and b) depend 
on the local slenderness of the cross-sections, the derivation of the approximate limiting 
length expression becomes more complicated as it is not only a function of the aspect 
ratio and the outer larger dimension, but it also depends on the thickness of the cross-
section. In this case, Equation (3.7) should be used but with effective cross-sectional 
properties of an EHS to obtain an accurate value of the limiting length. 
 
Satisfactory agreement between the exact (Equation (3.7)) and approximate (Equation 
(3.19)) formulations of limiting length for all Class 1 and 2 standard sections was 
achieved, as shown in Figure 3.18. The limiting length versus aspect ratio for the exact 
and approximate formulae for Class 1 and 2 and Class 3 cross-sections is plotted in 
Figures 3.19 and 3.20 respectively, with 2a = 150 mm and t = 5 mm. The assumptions 
also included a plateau length 0,LTλ  = 0.4 and the nominal values of E = 210 000 
N/mm2 and fy = 355 N/mm2. It is shown that the approximate expressions can 
accurately predict the limiting length for all aspect ratios.  
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Figure 3.18: Comparison of limiting length formulations for all standard Class 1 and 2 
sections 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3.19: Comparison of limiting length formulations for various aspect ratios 
(Class 1 and 2 cross-sections) 
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Figure 3.20: Comparison of limiting length formulations for various aspect ratios 
(Class 3 cross-sections) 
 
 
For EHS with an aspect ratio of 2 and employing the same values for the material 
parameters and 0,LTλ  mentioned above, the limiting length is found to be 201b (m) and 
283b (m) for Class 1 and 2 and Class 3 sections respectively, which, for EHS 150×75×5 
(a Class 1 section), is 7.55 m. The main difference between the values of limiting length 
obtained from Equations (3.7) and (3.19) is the inclusion of the influence of the pre-
buckling in-plane deflections. 
 
The limiting length can be expressed in terms of limiting non-dimensional slenderness 
lim,zλ  by dividing the limiting length expression by iz and 
y
1 f
E
pi=λ .  
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Therefore, the limiting non-dimensional slenderness for Class 1 and 2 sections can be 
found as follows: 
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(3.22) 
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And for Class 3 sections, 
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Table 3.8 shows the values of lim,zλ for different cross-sectional aspect ratios. By 
comparing these values with the values at which the curves in Figure 3.15 pass below 
unity on the vertical axis, they may be seen to be conservative relative to the real 
behaviour.  
 
 
Table 3.8: Values of limz,  with different aspect ratio obtained from the limiting length 
formulation 
Aspect ratio el,lim,zλ  pllim,,zλ  
2.0 5.10 3.64 
3.0 3.29 2.25 
4.0 2.31 1.54 
5.0 1.60 1.05 
6.0 0.99 0.64 
  
 
 
 
 
 
 
(3.24) 
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3.5 Concluding remarks 
 
Member instability in hot-finished EHS beams has been examined in this chapter. An 
experimental programme comprising 6 tensile coupon tests and 8 in-plane major axis 
bending tests was undertaken. All tested specimens were EHS 150×75×5 with a 
constant cross-sectional aspect ratio of two. The non-dimensional member 
slendernesses LTλ  of the beams ranged from 0.29 to 0.48. A three-point bending 
configuration was adopted. The loading system was carefully designed to ensure that 
the vertical load was applied through the shear centre of the section irrespective of 
deformations, while allowing free out-of-plane deflection and twist rotation at the 
loading point. Simply supported in-plane and out-of-plane end conditions were achieved 
by fixing the supports against in-plane (vertical) deflections, out-of-plane (lateral) 
deflections and twist rotations, but allowing free in-plane rotations, minor axis rotations 
and warping displacements. The key material properties, geometric measurements, and 
test results from the lateral torsional buckling tests have been reported.  
 
To generate additional results to assess EHS member instability for a range of cross-
sectional aspect ratios and member slendernesses, an extensive numerical modelling 
program was undertaken. Satisfactory agreement between the test results and those 
obtained from the numerical models was achieved. A series of parametric studies were 
then conducted using the validated numerical models to investigate the influence of 
cross-sectional aspect ratios ranging from 2 to 6 and member slendernesses zλ from 2 to 
12 on the lateral torsional buckling behaviour. It was shown that the moment capacity 
reduces with increasing aspect ratio owing to increased susceptibility to lateral torsional 
buckling. 
 
On the basis of the experimental and numerical results, existing lateral torsional 
buckling curves adopted in EN 1993-1-1 (2005) have been assessed. Following 
reliability analysis in accordance with EN 1990 (2002) performed in Chapter 5, it was 
found that a buckling curve with a plateau length 4.00,LT =λ , 75.0=β  and an 
imperfection factor LT = 0.34 (buckling curve ‘b’) can be safely applied to hot-finished 
elliptical hollow sections with a cross-sectional aspect ratio of 2. Limiting lengths below 
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which LTB need not be considered were also derived. In SCI/BSCA (2009), the 
proposed limiting length for EHS 150×75×5 is 5.66 m, while it was found herein that 
this could be relaxed to 7.55 m when the influence of pre-buckling in-plane deflection is 
taken into account.  
98 
 
 
 
 
Chapter 4 
 
Instability in EHS beam-columns  
 
4.1 Introduction 
 
Experimental and numerical investigations into the behaviour of elliptical hollow 
section beam-columns have been performed and described in this chapter. A large-scale 
experimental programme, comprising a total of 10 tensile coupon tests and 33 beam-
column tests, was carried out. The beam-column tests included 6 pure compression 
tests, 3 buckling about the major axis and 3 about the minor axis; 18 eccentric 
compression tests, 9 inducing compression plus bending about the major axis and 9 
compression plus bending about the minor axis; and a further 9 tests which induced 
compression plus bending about both axes. All tested elliptical hollow sections were 
EHS 150×75×5, and three member lengths of 1 m, 2 m and 3 m have been considered. 
The test results have been supplemented by numerically generated results based on 
validated FE models to assess the influence of member slenderness and cross-sectional 
aspect ratio. Design rules covering instabilities in hot-finished EHS beam-columns on 
the basis of the experimental and numerical findings have been developed in this 
chapter and verified by statistical analysis in Chapter 5. The limiting length concept 
discussed in Chapter 3 is also extended to EHS beam-columns. Limiting lengths, below 
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which lateral torsional buckling need not be considered, in the presence of axial load, 
have been derived analytically for EHS beam-column members. 
 
 
4.2 Structural behaviour of beam-columns 
 
The beam-column problem is complex since it involves the features of column 
buckling, uniaxial or biaxial beam bending and beam buckling. Since the late nineteenth 
century, substantial research on beam-column behaviour has been carried out; the 
development of the theory of beam-columns has been summarised by Massonnet (1976) 
and Chen and Atsuta (1976 and 1977). Initial analysis of beam-column behaviour was 
confined to the elastic range, but with the development of powerful computational tools, 
inelastic behaviour of beam-columns has also been examined. In general, the length of a 
beam-column governs its load-carrying capacity, which is limited to the full plastic 
capacity of the cross-section for short beam-columns; whereas for long beam-columns, 
resistance is controlled by the elastic flexural stiffness of the member and is largely 
independent of the yield strength. In most cases, beam-columns are of intermediate 
lengths and the response is in between these two extremes. The behaviour of beam-
columns can be categorised into three types, in-plane behaviour, lateral torsional 
buckling and biaxial bending. The relevant analytical background of the beam-column 
analysis for each type of behaviour is briefly described in the following sections.  
 
4.2.1 Cross-section resistance of beam-columns 
 
For short beam-columns, the lateral deflection of the member is small compared with 
the overall geometry and it can be assumed that its effect on the magnitudes of bending 
moments is negligible. Thus, the strength of a short beam-column is limited only by full 
plastic yielding of the material of the cross-section, assuming local buckling does not 
occur.  
 
If beam-column resistance based on the first yield criterion is assumed, the cross-section 
is said to fail when the maximum compressive stress induced from both axial load and 
bending reaches the yield stress; this can be expressed as: 
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where NEd and MEd are the applied load and moment; Nc,Rd is the yield resistance of the 
section in compression and Mel,Rd is the elastic yield moment resistance of the section. 
 
This first yield prediction provides a lower bound estimate of the cross-section 
resistance, while an upper bound can be obtained if the section is considered to be fully 
plastic. Nowzartash and Mohareb (2009) investigated plastic interaction relationships 
for EHS subject to combined loadings. The following full plastic cross-section 
resistance was derived: 
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where My,Ed and Mz,Ed are the design bending moments about the major and minor axes 
respectively, Mpl,y,Rd and Mpl,z,Rd are the design plastic bending resistances about the 
major and minor axes respectively and Nc,Rd is the design cross-section resistance under 
uniform compression. 
 
Gardner et al. (submitted) verified the above proposed interaction formulae based on 
experimental and numerical results, and it was concluded that Equation (4.2) can be 
safely applied to EHS for design purposes.  
 
4.2.2 Instability of beam-columns 
 
The behaviour of long beam-columns is largely controlled by the elastic flexural 
stiffness, EI of the member. However, in most cases, beam-columns are of intermediate 
length, in which yielding of the material will precede the elastic stability limit and thus 
inelastic stability governs the situation. The fundamental background of the elastic and 
elastic-plastic analysis of the three types of beam-column behaviour is described in the 
following sections. 
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4.2.2.1 In-plane behaviour  
 
In-plane behaviour refers to a beam-column which is in compression plus bending about 
its major principal axis while restrained from deflecting laterally or compression plus 
bending about its minor principal axis. It involves the interaction between uniaxial beam 
bending and column buckling. 
 
4.2.2.1.1 Elastic beam-columns 
 
With an initial imperfection amplitude of e0,d, the second-order in-plane elastic check of 
a member subject to axial compression NEd and bending moment MEd can be expressed 
by: 
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where NEd and MEd are the first-order applied load and bending moment, respectively, 
Npl,Rd is the plastic cross-section resistance, Ncr is the elastic critical buckling load, Cm is 
the equivalent uniform moment factor and 
crEd N/N1
1
−
 is the well-known 
amplification factor to account for second-order effects of the in-plane load and 
moment. 
 
After rearranging the terms, an alternative means of expressing Equation (4.3) is given 
below. This format is adopted in many design codes since the first term conveniently 
represents utilisation of the member under compression only, as controlled by column 
buckling resistance. 
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 where 
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crEd
crEd
N/N1
N/N1
χ−
−
=µ      (4.5) 
 
and χ is the column buckling reduction factor. 
 
4.2.2.1.2 Elastic-plastic beam-columns  
 
Allowance for plasticity enables extra capacity to be achieved, particularly for short 
members. Plastic beam-column behaviour is complex since it involves nonlinear 
plasticity effects in addition to the second-order geometric effects. The problem is 
further complicated by the presence of residual stresses which result in nonlinearities 
even at low load levels.  
 
The theoretical elastic format (Equation (4.4)) of the member check is extended to 
elastic-plastic members, assuming that the amplification factor, equivalent moment and 
buckling length concepts are still applicable in the inelastic range.  
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C is the plasticity factor taking in account the plasticity effects in the interaction 
between mono-axial bending and axial force since, due to instability effects, the full 
plastic bending resistance Mpl,Rd may not be reached, but only an intermediate elastic-
plastic value given by C Mpl,Rd. This C factor depends on a number of parameters which 
govern the extent of yielding of the beam-column. The parameters include the applied 
axial load, member slenderness and bending moment distribution. 
 
4.2.2.2 Lateral torsional buckling behaviour  
 
This type of behaviour involves an interaction between column buckling and beam 
buckling. When a laterally unrestrained beam-column is bent about its stronger axis, it 
may buckle prematurely out of the plane by deflecting sideways and twisting, and this 
phenomenon is regarded as lateral torsional buckling. The exact analytical solutions for 
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beam-column problems involving lateral torsional buckling are complicated as they 
involve the interaction of beam bending, column buckling and lateral torsional buckling. 
In structural design codes, in order to develop a practical design check, the theoretical 
equation is simplified and the lateral torsional buckling behaviour is taken into account 
by additional coefficients, which are often based on numerical studies and calibrated by 
test results. The approximate solutions for this type of beam-column problems can be 
found by modifying the design expressions derived for in-plane behaviour described in 
the above section. 
 
4.2.2.2.1 Elastic-plastic beam-columns 
 
For a laterally unrestrained beam-column subject to axial compression and major axis 
bending, member resistance can be expressed as: 
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where LT is the reduction factor due to lateral torsional buckling and kLT is a factor 
accounting for the influence of axial force on the lateral torsional buckling behaviour.  
 
4.2.2.3 Axial compression with biaxial bending  
 
Biaxial bending occurs when a member is bent about both principal axes. The response 
of a beam-column under axial compression and biaxial moments therefore involves 
interactions of biaxial beam bending and twisting with beam and column buckling. 
 
4.2.2.3.1 Elastic beam-columns 
 
When a beam-column is loaded biaxially, the axial force amplifies the moments about 
both of the principal axes of the cross-section. This may result in a complex coupling 
between instabilities in both principal axes. However, for practical reasons and because 
unsafe cases are very rare, this interaction is generally disregarded in design codes. The 
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second order elastic check on biaxially loaded beam-columns involving lateral torsional 
buckling is given by: 
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where 
y,crEdy
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z,crEdz
z,crEd
z N/N1
N/N1
χ−
−
=µ     (4.11) 
 
Equations (4.8) and (4.9) provide checks on the member resistance about the major and 
minor axes respectively, assuming that no instability interaction between principal 
planes occurs. 
 
4.2.2.3.2 Elastic-plastic beam-columns 
 
The second order elastic check of biaxially loaded beam-columns described above can 
be extended to elastic-plastic members with the inclusion of plasticity factors and by 
means of the following expressions: 
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where Cyy and Czz allow for the plasticity effects when the bending plane is the same as 
the buckling plane, and Cyz and Czy concern the plane perpendicular to the plane of 
buckling. The factors  and  account for the plasticity effects in the biaxial bending 
interaction. 
 
When the axial force is negligible, Equations (4.12) and (4.13) reduce to: 
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The bi-linear criterion of Equations (4.14) and (4.15) provides similar capacity to the 
cross-sectional resistance check for biaxial bending adopted in design codes, which is 
given by: 
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The treatment of beam-column problems and the determination of the abovementioned 
parameters differ in various design codes. Since previous beam-column research mainly 
focused on I-sections, the purpose of this study is to generate experimental and 
numerical results and to access the applicability and reliability of the design formulae to 
EHS beam-columns. 
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4.3 Experimental studies 
 
A full-scale experimental programme on EHS member instability under combined 
compression and bending has been carried out in the Structures Laboratory at Imperial 
College London. The sections were all hot-finished from grade S355 steel and produced 
by Corus Tubes. The test programme comprised 10 material tensile coupon tests and 33 
beam-column tests - 6 pure compression tests; 3 buckling about the major axis and 3 
about the minor axis; 18 eccentric compression tests, 9 inducing bending about the 
major axis and 9 about the minor axis; and a further 9 tests induced compression and 
bending about both axes. The tested EHS had an aspect ratio of two, overall outer cross-
section dimensions of 150×75 mm and thickness of 5 mm, which is the thinnest non-
slender section of the range. The primary aim of the member tests was to investigate the 
beam-column behaviour of EHS members with pinned end conditions and under 
eccentric compression (generating uniform moment along the member length). 
 
4.3.1 Tensile coupon tests 
 
Material tensile coupon tests were conducted in accordance with EN 10002-1 (2001) to 
determine the basic engineering stress-strain response of the material of the tested 
sections. The specimens originated from 10 lengths of material, and one coupon was 
taken from each length for material testing. Full details of the tensile coupon tests have 
been described in Chapter 3.2.1, while mean measured dimensions and the key results 
from the tensile coupon tests are reported in Table 4.1.   
 
The reported material parameters are the necked width btc and thickness t of the 
coupons, Young’s Modulus E, static yield stress fy, static ultimate tensile stress fu and 
the plastic strain at fracture based on elongation over the standard gauge length εf1 and 
the reduction of cross sectional area εf2 of the coupons.  The obtained material 
properties were subsequently employed to facilitate the analysis of the beam-column 
test results and were incorporated into the numerical models to replicate the structural 
response of the tested specimens. 
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Table 4.1: Mean measured dimensions and key results from tensile coupon tests 
Specimen 
Width 
btc  
Thickness 
t  
E fy  fu  εf1 εf2  
mm mm N/mm2 N/mm2 N/mm2 % % 
BC-TC1 20.09 5.01 212900 350 481 40 64 
BC-TC2 20.12 4.97 218200 343 472 36 68 
BC-TC3 20.00 4.94 217000 360 485 38 64 
BC-TC4 20.01 4.83 214600 344 470 39 65 
BC-TC5 20.06 4.93 222400 388 510 42 65 
BC-TC6 20.07 4.95 219500 326 452 39 68 
BC-TC7 20.02 5.03 220200 341 473 35 65 
BC-TC8 20.05 4.93 221100 358 468 37 64 
BC-TC9 20.08 4.92 219200 373 489 40 66 
BC-TC10 20.05 5.02 212100 377 491 40 63 
 
 
4.3.2 Pure compression and uniaxial eccentric compression tests 
       
6 pure compression tests and 18 eccentric compression tests were performed. Three 
different column lengths of 1 m, 2 m and 3 m were tested to provide a range of member 
slendernesses λ  ranging from 0.28 to 0.84 for pin-ended beam-columns eccentrically 
loaded about the major axis and 0.49 to 1.46 about the minor axis (Figure 4.1). For the 
pure compression test specimens (BC-1-ey=0 and BC-1-ez=0), where the measured 
global imperfection was less than L/1000, an eccentricity of loading was applied such 
that the combined imperfection plus eccentricity was equal to L/1000. For other 
columns, the load was applied concentrically since the measured imperfections were 
greater than L/1000. For the eccentric compression tests, the load eccentricity was 
varied so that a range of proportions of axial load to bending could be achieved.  
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Figure 4.1: Deformed specimens of the three lengths of the tested beam-columns 
 
 
4.3.2.1 Set-up 
 
The general configuration of the set-up is depicted in Figure 4.2. The specimens were 
loaded by a 2000 kN Instron hydraulic machine through hardened steel knife-edges at 
both ends to provide pinned end conditions about the axis of buckling and fixed 
conditions in the orthogonal direction. The knife-edges were carefully designed to allow 
for a maximum of 15 degrees of end rotation. For the pure compression tests, steel 
plates with slotted holes were utilised to clamp the specimen into position onto the 40 
mm plates attached to the knife edges at both ends. For the eccentric compression tests, 
end plates were welded onto the specimens, since bending moments were induced at the 
member ends.    
 
 
 
 
 
 
 
 
 
(c) 1 m deformed  specimen 
(b) 2 m deformed  specimen 
(a) 3 m deformed specimen 
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(a) Schematic set-up    (b) Experimental set-up 
 
 
 
 
 
 
 
 
 
 
 
(c) Knife-edge 
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 (d) Pure compression tests    (e) Uniaxial eccentric compression tests 
 
Figure 4.2: Pure and uniaxial eccentric compression test configurations 
 
 
Two draw wire transducers were located at the mid-height of the specimens to measure 
the lateral deflections in both principal directions. Inclinometers were positioned at each 
end of the members to measure the end rotations about the axis of buckling. Four linear 
electrical resistance strain gauges were affixed to the extreme tensile and compressive 
fibres of the section at a distance of 20 mm from the mid-height of the member to avoid 
contact with the draw wire transducers. Applied load and vertical displacement were 
obtained directly from the loading machine. Displacement control was employed to 
drive the hydraulic machine at a constant rate of 0.25 mm/min, 0.50 mm/min and 1.0 
mm/min for 1 m, 2 m and 3 m specimens respectively. Load, strain, lateral and vertical 
displacements, end rotations and input voltage were all recorded using the data 
acquisition equipment DATASCAN and logged using the DSLOG computer package.  
All data were recorded at one second intervals. 
 
The geometry of an elliptical hollow section is depicted in Figure 4.3, where 2a is the 
larger outer diameter, 2b is the smaller outer diameter, t is the thickness and ey and ez 
are the load eccentricities to the major and minor axes, respectively. Measurements of 
the cross-section geometry and maximum global geometric imperfections ωg 
(determined by means of a laser beam directed along the member length) were taken 
prior to testing and are reported in Table 4.2. Residual stresses were not measured in 
this study, though as discussed in Section 3.2.2, the level of residual stresses in the 
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specimens was believed to be low. Local geometric imperfections were not measured in 
this study since the proportions of the cross-sections examined are relatively stocky and 
insensitive to local buckling. Geometric properties for the EHS specimens are defined 
using the exact formulae adopted in the previous studies of EHS (Chan and Gardner, 
2008a and b and Gardner and Chan, 2007). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.3: Geometry of an elliptical hollow section 
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Table 4.2: Mean measured specimen dimensions and global imperfections for uniaxial 
eccentric compression tests 
Specimen Tensile coupon 
Length L 2a 2b t ωg 
m mm mm mm mm 
BC-1-ey=0 BC-TC8 1.01 150.35 75.74 4.93 1.00 
BC-1-ey=25 BC-TC4 1.00 150.42 75.33 5.01 0.25 
BC-1-ey=50 BC-TC3 1.00 150.50 75.58 5.02 0.20 
BC-1-ey=150 BC-TC5 1.00 150.33 75.87 4.98 0.53 
BC-1-ez=0 BC-TC8 1.01 150.46 75.56 4.97 1.00 
BC-1-ez=15 BC-TC6 1.00 150.27 75.80 4.97 0.26 
BC-1-ez=25 BC-TC6 1.00 150.36 75.81 5.08 0.52 
BC-1-ez=100 BC-TC6 1.00 150.20 75.70 4.98 0.50 
BC-2-ey=0 BC-TC10 2.01 150.32 75.70 4.98 2.50 
BC-2-ey=25 BC-TC4 2.00 150.00 75.88 4.93 1.03 
BC-2-ey=50 BC-TC5 2.00 150.28 75.73 4.95 2.48 
BC-2-ey=150 BC-TC9 2.00 150.36 75.33 4.99 2.00 
BC-2-ez=0 BC-TC10 2.01 150.33 75.41 4.98 3.00 
BC-2-ez=25 BC-TC4 2.00 150.03 75.84 5.06 3.05 
BC-2-ez=50 BC-TC4 2.00 150.00 75.57 5.03 3.01 
BC-2-ez=150 BC-TC9 2.00 150.16 75.86 4.98 2.51 
BC-3-ey=0 BC-TC6 3.01 150.16 75.64 4.84 3.02 
BC-3-ey=25 BC-TC7 3.00 150.16 75.50 4.92 2.47 
BC-3-ey=50 BC-TC7 3.00 150.03 75.95 4.90 1.52 
BC-3-ey=150 BC-TC7 3.00 150.13 75.62 4.96 2.03 
BC-3-ez=0 BC-TC5 3.01 150.18 75.68 4.82 5.05 
BC-3-ez=50 BC-TC6 3.00 150.17 75.40 4.93 5.00 
BC-3-ez=100 BC-TC8 3.00 150.30 75.52 4.95 2.96 
BC-3-ez=200 BC-TC8 2.99 149.95 75.54 4.96 3.46 
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4.3.2.2 Test results 
 
The load eccentricities and key test results are summarised in Table 4.3, in which Nu is 
the ultimate applied load, M1st is the first-order elastic moment, M2nd,el. is the second-
order elastic moment and M2nd,inel. is the second-order inelastic moment given by 
Equations (4.17) to (4.19) respectively.  
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in which, ω is the corresponding mid-span lateral deflection of the specimen at ultimate 
load. 
 
All the beam-columns failed by flexural buckling and in-plane bending with no sign of 
lateral torsional buckling, as shown by Figures 4.4 and 4.5. For the beam-columns 
loaded eccentrically about the minor axis, all specimens failed in the minor axis 
direction only (see Figure 4.4). For the beam-columns loaded eccentrically about the 
major axis, all specimens failed in the major axis direction only (see Figure 4.5) since 
the knife edges provided fixed end conditions about the minor axis and the buckling 
length in the direction was therefore halved, making major axis buckling critical. 
Graphs showing the applied axial load versus lateral deflection response of the 24 
beam-columns are shown in Figures 4.6 to 4.11. Overall, a general reduction in ultimate 
test load was observed with increasing eccentricities due to the higher bending effects. 
Plots of ultimate load versus corresponding first-order elastic, second-order elastic and 
second-order inelastic moments are depicted in Figure 4.12 to 4.17. It is shown that the 
second-order inelastic moment was still increasing after the ultimate load was reached 
due to the increasing mid-span lateral deflection. In addition, the second-order effect on 
the test specimens becomes more significant compared with the first-order elastic 
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moment with increasing beam-column length. This is due to the larger mid-span lateral 
deflections that arose in the more slender specimens. It should be noted that the sudden 
change of slope in the later part of some load-lateral deflection curves (BC-1-ey=0, BC-
1-ez=15, BC-1-ez=25, BC-2-ez=0 and BC-2-ez=25) indicates the formation of a plastic 
hinge at the most heavily stressed cross-section, generally occurring at the mid-height of 
the specimens. Photos of the deformed members are given in Appendix A.2 and A.3 for 
pure compression and uniaxial eccentric compression tests respectively.  
 
 
Table 4.3: Summary of uniaxial eccentric compression test results 
Specimen Axis of Buckling 
Eccentricity 
Nu M1st M2nd,el. M2nd,inel. 
ey ez 
mm mm kN kNm kNm kNm 
BC-1-ey=0 Major 0 0 645.4 0.7 0.77 0.77 
BC-1-ey=25 Major 25 0 390.8 9.9 10.3 11.9 
BC-1-ey=50 Major 50 0 323.4 16.2 16.9 19.6 
BC-1-ey=150 Major 150 0 142.4 21.4 21.8 23.4 
BC-1-ez=0 Minor 0 0 636.7 0.6 0.8 1.1 
BC-1-ez=15 Minor 0 15 350.5 5.3 6.1 7.5 
BC-1-ez=25 Minor 0 25 271.5 6.9 7.7 9.4 
BC-1-ez=100 Minor 0 100 112.3 11.3 11.8 13.1 
BC-2-ey=0 Major 0 0 594.9 1.5 2.1 3.2 
BC-2-ey=25 Major 25 0 339.8 8.8 10.6 13.3 
BC-2-ey=50 Major 50 0 245.7 12.9 14.6 18.5 
BC-2-ey=150 Major 150 0 123.5 18.8 20.0 22.4 
BC-2-ez=0 Minor 0 0 430.3 1.3 3.6 5.8 
BC-2-ez=25 Minor 0 25 211.7 5.9 8.5 11.4 
BC-2-ez=50 Minor 0 50 146.2 7.7 9.8 12.5 
BC-2-ez=150 Minor 0 150 73.3 11.2 12.5 14.1 
BC-3-ey=0 Major 0 0 475.4 1. 4 3.0 4.6 
BC-3-ey=25 Major 25 0 281.8 7.7 11.2 14.4 
BC-3-ey=50 Major 50 0 212.5 10.9 14.2 18.4 
BC-3-ey=150 Major 150 0 113.5 17.2 19.6 22.4 
BC-3-ez=0 Minor 0 0 226.0 1.1 4.7 9.3 
BC-3-ez=50 Minor 0 50 109.4 6.0 9.4 12.0 
BC-3-ez=100 Minor 0 100 80.2 8.3 11.2 13.6 
BC-3-ez=200 Minor 0 200 51.6 10.5 12.6 13.9 
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Figure 4.4: Deformed specimen of BC-2-ez=150 
 
 
    
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.5: Deformed specimen of BC-2-ey=150 
a) View from the 
minor axis 
b) View from the 
major axis 
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Figure 4.6: Load-lateral deflection curves for 1 m beam-columns eccentrically loaded 
about the major axis 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.7: Load-lateral deflection curves for 1 m beam-columns eccentrically loaded 
about the minor axis 
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Figure 4.8: Load-lateral deflection curves for 2 m beam-columns eccentrically loaded 
about the major axis 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.9: Load-lateral deflection curves for 2 m beam-columns eccentrically loaded 
about the minor axis 
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Figure 4.10: Load-lateral deflection curves for 3 m beam-columns eccentrically loaded 
about the major axis 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.11: Load-lateral deflection curves for 3 m beam-columns eccentrically loaded 
about the minor axis 
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Figure 4.12: Load versus moment for 1 m beam-columns eccentrically loaded about the 
major axis 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.13: Load versus moment for 1 m beam-columns eccentrically loaded about the 
minor axis 
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Figure 4.14: Load versus moment for 2 m beam-columns eccentrically loaded about the 
major axis 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.15: Load versus moment for 2 m beam-columns eccentrically loaded about the 
minor axis 
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Figure 4.16: Load versus moment for 3 m beam-columns eccentrically loaded about the 
major axis 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.17: Load versus moment for 3 m beam-columns eccentrically loaded about the 
minor axis 
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4.3.3 Biaxially loaded beam-column tests 
 
9 beam-columns of three different column lengths of 1 m, 2 m and 3 m were loaded 
biaxially. The tested member slendernesses of the pin-ended beam-columns λ  ranged 
from 0.28 to 0.83 and 0.49 to 1.44 about the major and the minor axes respectively. The 
load eccentricities were varied so that a range of proportions of major axis bending to 
minor axis bending at a specific axial load could be achieved at a certain member 
slenderness and a range of axial load levels could be studied for different member 
slenderness. 
 
4.3.3.1 Set-up 
 
The general configuration of the set-up is depicted in Figure 4.18. The specimens were 
loaded by a 2000 kN Instron hydraulic machine through a ball-seating configuration at 
both ends to provide pinned end conditions about both principal axes. Similar to the 
knife-edges, a maximum of 15 degrees of end rotation in all directions was allowed. 
End plates were welded onto the specimen, as described previously.  
 
The instrumentation employed herein was similar to that adopted in the uniaxial 
eccentric compression tests. In addition, two extra inclinometers were employed, one at 
each end of the specimens so that the end rotations about both two principal axes were 
measured. Four additional linear electrical resistance strain gauges were affixed in 
between the extreme tensile and compressive fibres of the section at a distance of 20 
mm from the mid-height of the member to monitor the strain distribution across the 
section. Displacement control was employed to drive the loading machine at a constant 
rate of 0.50 mm/min, 1.0 mm/min and 2.0 mm/min for 1 m, 2 m and 3 m specimens 
respectively. Load, strain, lateral and vertical displacements, end rotations and input 
voltage were all recorded using the data acquisition equipment DATASCAN and logged 
using the DSLOG computer package.  All data were recorded at one second intervals. 
 
Measurements of the cross-section geometry and maximum global geometric 
imperfections in the major ωg,y and minor axes ωg,z were taken prior to testing and are 
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reported in Table 4.4. Residual stresses and local geometric imperfections were not 
measured in this study as discussed in Section 4.3.2.1. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(a) Schematic set-up    (b) Experimental set-up 
 
 
 
 
 
 
 
(c) Ball-seating configuration 
 
Figure 4.18: Biaxial compression test configuration 
Loading 
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Table 4.4: Mean measured specimen dimensions and global imperfections for biaxial 
compression tests 
Specimen 
Length L 2a 2b t ωg,y ωg,z 
m mm mm mm mm mm 
BC-1-ey=40-ez=80 1.00 150.12 75.42 4.96 0.25 0.25 
BC-1-ey=100-ez=60 1.00 150.19 75.69 4.97 0.15 0.10 
BC-1-ey=140-ez=30 1.00 150.16 75.52 4.99 0.13 0.25 
BC-2-ey=40-ez=90 2.00 150.24 75.89 5.02 1.03 2.08 
BC-2-ey=120-ez=70 2.00 150.55 75.58 5.01 -0.78* 0.25 
BC-2-ey=180-ez=30 2.00 150.33 75.94 4.98 1.00 1.50 
BC-3-ey=80-ez=160 2.96 150.17 75.57 4.96 3.10 2.50 
BC-3-ey=210-ez=120 2.96 150.18 75.75 4.94 3.00 3.00 
BC-3-ey=310-ez=60 2.96 150.20 75.82 4.98 2.00 1.50 
* Negative value indicates that the initial imperfection is opposite to the direction of 
buckling. 
 
 
4.3.3.2 Test results 
 
The load eccentricities and key test results are summarised in Table 4.5, in which My 
and Mz are the bending moments about the major and minor axes respectively obtained 
at the ultimate load Nu. All the beam-columns failed by flexural buckling and bending 
about the two principal axes, as shown in Figure 4.19. Graphs showing the applied axial 
load versus lateral deflection response in the two principal axes of the 9 biaxially loaded 
beam-columns are depicted in Figures 4.20 to 4.25. Plots of ultimate load versus 
corresponding first-order elastic, second-order elastic and second-order inelastic major 
and minor moments are shown in Figure 4.26 to 4.31. Photos of the deformed members 
are given in Appendix A.4. Generally, the biaxially loaded beam-columns exhibit 
similar structural behaviour to the uniaxially loaded ones as described in Section 
4.3.2.2. Overall, the moment capacity about the major axis increases with decreasing 
eccentricity in the minor axis for a given axial load level (
y
u
N
N
 = 0.09 to 0.25 in this 
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study) and vice versa. These test results, together with the uniaxial beam-column tests 
reported in Section 4.3.2, have been further examined, replicated numerically and used 
for the validation of interaction formulae in the following sections.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(a) Deformed specimen at the end of test 
 
Figure 4.19: Deformed specimen of BC-2-ey=180-ez=30  
b) Section at mid-height 
ωy 
ωz 
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Displaced 
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Table 4.5: Summary of biaxial compression test results 
Specimen 
Tensile 
coupon 
Eccentricity 
Nu 
My Mz 
ey ez M1st M2nd,el. M2nd,inel. M1st M2nd,el. M2nd,inel. 
mm mm kN kNm kNm kNm kNm kNm kNm 
BC-1-ey=40-ez=80 BC-TC7 40 80 133.9 5.4 5.5 5.6 10.7 11.3 12.3 
BC-1-ey=100-ez=60 BC-TC7 100 60 144.3 14.5 14.7 15.4 8.7 9.2 10.5 
BC-1-ey=140-ez=30 BC-TC6 140 30 139.7 19.6 19.9 21.0 4.2 4.4 5.4 
BC-2-ey=40-ez=90 BC-TC10 40 90 107.5 4.4 4.6 4.8 9.9 11.7 14.0 
BC-2-ey=120-ez=70 BC-TC10 120 70 121.2 14.5 15.3 16.1 8.5 10.3 12.2 
BC-2-ey=180-ez=30 BC-TC9 180 30 108.7 19.7 20.7 22.2 3.4 4.1 5.2 
BC-3-ey=80-ez=160 BC-TC4 80 160 56.8 4.7 5.0 5.1 9.2 11.3 12.9 
BC-3-ey=210-ez=120 BC-TC2 210 120 56.2 12.0 12.7 13.2 6.9 8.4 10.0 
BC-3-ey=310-ez=60 BC-TC1 310 60 62.1 19.4 20.7 22.1 3.8 4.7 5.3 
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Figure 4.20: Load-lateral major axis deflection curves for 1 m biaxially loaded beam-
columns 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.21: Load-lateral minor axis deflection curves for 1 m biaxially loaded beam-
columns 
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Figure 4.22: Load-lateral major axis deflection curves for 2 m biaxially loaded beam-
columns 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.23: Load-lateral minor axis deflection curves for 2 m biaxially loaded beam-
columns 
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Figure 4.24: Load-lateral major axis deflection curves for 3 m biaxially loaded beam-
columns 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.25: Load-lateral minor axis deflection curves for 3 m biaxially loaded beam-
columns 
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Figure 4.26: Load versus major axis moment for 1 m biaxially loaded beam-columns 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.27: Load versus minor axis moment for 1 m biaxially loaded beam-columns 
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Figure 4.28: Load versus major axis moment for 2 m biaxially loaded beam-columns 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.29: Load versus minor axis moment for 2 m biaxially loaded beam-columns 
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Figure 4.30: Load versus major axis moment for 3 m biaxially loaded beam-columns 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.31: Load versus minor axis moment for 3 m biaxially loaded beam-columns
Chapter 4: Instability in EHS beam-columns 
 
133 
 
4.4 Numerical simulations 
 
The behaviour of the tested beam-columns was initially replicated by finite element 
analysis using the measured dimensions of the test specimens and measured material 
stress-strain data as described in Section 4.3.1. The finite element (FE) package 
ABAQUS (2006) was used throughout the study. The basic assumptions employed in 
the numerical models are similar to those employed for the lateral torsional buckling 
specimens reported in Section 3.3.  
 
Initial global geometric imperfections were incorporated by applying a lateral point load 
to the specimens at mid-height. The true material stress-strain relationship was 
generated by converting a multi-linear stress-strain curve derived from the static 
engineering stress-strain curves obtained from the tensile coupon tests. Boundary 
conditions were modelled to simulate pinned conditions at the ends of the beam-
columns in the axis of buckling. The modified Riks method (ABAQUS, 2006), which 
enables the post-ultimate behaviour to be traced, was employed to solve the 
geometrically and materially nonlinear numerical models. 
 
The ultimate loads obtained from the FE models are compared with those obtained from 
the tests in Table 4.6. Replication of test results was found to be satisfactory with a 
mean ratio of test to FE ultimate load of 1.05. Typical comparisons of failure patterns of 
the specimens and load versus lateral deflection curves are depicted in Figures 4.32 to 
4.34 and Figures 4.35 to 4.37 respectively. The numerical models were able to 
successfully capture the initial stiffness, ultimate capacity, general load-deformation 
response and failure patterns observed in the tests. It should be noted that the ultimate 
loads obtained from the numerical models were generally higher than the test results 
due to the static material properties adopted in the models.  
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Table 4.6: Comparison between test and FE ultimate loads 
Specimen Test Nu / FE Nu 
BC-1-ey=0 1.08 
BC-1-ey=25 1.04 
BC-1-ey=50 1.07 
BC-1-ey=150 1.04 
BC-1-ez=0 1.09 
BC-1-ez=15 1.10 
BC-1-ez=25 1.08 
BC-1-ez=100 1.10 
BC-2-ey=0 1.00 
BC-2-ey=25 1.07 
BC-2-ey=50 1.02 
BC-2-ey=150 1.07 
BC-2-ez=0 1.00 
BC-2-ez=25 1.05 
BC-2-ez=50 1.01 
BC-2-ez=150 1.03 
BC-3-ey=0 1.04 
BC-3-ey=25 1.08 
BC-3-ey=50 1.04 
BC-3-ey=150 1.09 
BC-3-ez=0 0.95 
BC-3-ez=50 1.02 
BC-3-ez=100 1.03 
BC-3-ez=200 1.05 
BC-1-ey=40-ez=80 1.04 
BC-1-ey=100-ez=60 1.08 
BC-1-ey=140-ez=30 1.10 
BC-2-ey=40-ez=90 1.03 
BC-2-ey=120-ez=70 1.03 
BC-2-ey=180-ez=30 1.06 
BC-3-ey=80-ez=160 1.05 
BC-3-ey=210-ez=120 1.07 
BC-3-ey=310-ez=60 1.12 
Mean 1.05 
COV 0.03 
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Figure 4.32: Comparison of deformed specimens for BC-2-ey=150 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.33: Comparison of deformed specimens for BC-2-ez=150 
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(a) Elevation – major axis bending 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) Elevation – minor axis bending 
 
Figure 4.34: Comparison of deformed specimens for BC-2-ey=180-ez=30 
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(a) Load versus lateral deflection at mid-height 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) Load versus vertical displacement  
 
Figure 4.35: Comparison between test and numerical results for BC-3-ey=50 
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(a) Load versus lateral deflection at mid-height 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) Load versus vertical displacement  
 
Figure 4.36: Comparison between test and numerical results for BC-3-ez=200  
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(a) Load versus major axis deflection at mid-height 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) Load versus minor axis deflection at mid-height 
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(c) Load versus vertical displacement 
 
Figure 4.37: Comparison between test and numerical results for BC-2-ey=120-ez=70 
 
 
Upon verification of the general ability of the FE models to replicate the beam-column 
behaviour of EHS members with a cross-sectional aspect ratio of two, a series of 
parametric studies were conducted, aiming to investigate the influence of different 
aspect ratios and member slendernesses on the beam-column behaviour. The obtained 
results are used to develop design guidance for EHS beam-columns. A piecewise linear 
material stress-strain model developed from an average of the stress-strain curves 
obtained from the tensile coupon tests (similar to Figure 3.12), was employed in the 
numerical models. Initial geometric imperfections with an amplitude ωg of L/500, which 
is the tolerance stated in EN 10210-2 (2006), were included in the nonlinear parametric 
analyses by applying a lateral point load to the specimen at mid-height. The outer height 
and thickness of the cross-section considered in the parametric studies were fixed to 150 
mm and 5 mm respectively. A range of cross-sectional aspect ratios from 2 to 4 and 
member slenderness zλ  of 0.5, 1.0 and 1.5 was considered. The results are utilised for 
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the validation of proposed beam-column interaction formulae for elliptical hollow 
sections, as discussed in the following section. 
 
 
4.5 Development of design guidance 
 
In the design of an eccentrically loaded beam-column, either the strength of the cross-
section or the stability of the member will govern the load carrying capacity, depending 
on the length of the beam-column. The analytical background of the three types of 
beam-column behaviour was briefly described in Section 4.2. Owing to the complex 
behaviour of beam-columns, a number of assumptions are often made in the derivation 
of their design formulae of beam-columns.  
 
Firstly, fundamental beam theory is utilised, assuming that plane cross-sections remain 
plane after loading, and shear deformation is neglected after loading. These two 
assumptions enable the stress distribution over the cross-sections of the beam-column 
for a given stress-strain curve to be obtained from the strain. In addition, small 
deflection theory is assumed so that the governing differential equations can be 
simplified and general solutions can be obtained in different cases. For the material 
property of the member, elastic-perfectly plastic behaviour is assumed, in which strain 
hardening behaviour is not considered due to its complexity. Furthermore, the deflected 
shape is typically assumed to be a half sine wave and an equivalent uniform moment 
concept is adopted for non-uniform bending. 
 
The cross-section strength criterion has been described briefly in Section 4.2.1. For the 
member stability criterion, which is the focus of the present investigation, extensive 
studies have been undertaken. During the development of the Eurocodes, some physical 
inconsistencies and over-conservatisms in the design rules for beam-columns given in 
ENV 1993-1-1 (1992) were found (Jaspart et al., 1993). Hence, two new sets of design 
formulae for assessing the member stability of beam-columns, named Method 1 and 
Method 2 in EN 1993-1-1 (2005), were developed by the Technical Committee 8 – 
Structural Stability of the European Convention for Constructional Steelwork 
(Boissonnade et al., 2006). Method 1 was derived based on second-order in-plane 
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elastic theory and further extended to spatial and elastic-plastic behaviour by a French-
Belgian team (Boissonnade et al., 2004). Method 2 was developed on the basis of a 
semi-empirical approach utilising curve-fitting techniques to mainly numerical results 
by an Austrian-German team (Greiner and Lindner, 2006). The applicability of the two 
different approaches to hot-finished elliptical hollow section beam-columns is assessed 
in this section. 
 
4.5.1 Member capacity at first yield 
 
The member capacity at the point of first yield at a critical section (the extreme 
compressive fibre) can be assessed by means of a linear interaction formula given by 
Equation (4.1), assuming a linear stress distribution through the cross-section. The 
interaction of the test load and the corresponding second-order moment (Equation 
(4.19)) at first yield, which is determined from the strain gauge reading at the critical 
section, for the uniaxial eccentric compression tests is depicted in Figures 4.38 and 4.39. 
The linear interaction expression may be seen to provide a reasonable prediction of the 
capacity at first yield. In general, the test capacity at first yield is greater than the theory 
suggests; this is attributed to the difference between the upper yield strength (attained in 
the tests) and the static yield strength (used in the theoretical predictions). 
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Figure 4.38: First yield of eccentrically loaded beam-columns about the major axis 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.39: First yield of eccentrically loaded beam-columns about the minor axis 
Chapter 4: Instability in EHS beam-columns 
 
144 
4.5.2 Ultimate member capacity − Stability interaction 
 
The design approach for treating member instability under combined compression and 
bending in EN 1993-1-1 (2005) is based on the use of interaction formulae. In general, 
both Equations (4.20) and (4.21), i.e. Equations (6.61) and (6.62) in EN 1993-1-1 
(2005) respectively, must be satisfied.  
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where NEd, My,Ed and Mz,Ed are the design values of the compression force and the 
maximum moments about the major and minor axes along the member length 
respectively, My,Ed and Mz,Ed are the moments due to the shift of the centroidal axis 
according to Clause 6.2.9.3 for Class 4 sections, NRk, My,Rk and Mz,Rk are the 
characteristic compression resistance and moment resistances about the major and 
minor axes of the cross-section respectively, kyy, kyz, kzy and kzz are interaction factors, 
y and z are the reduction factors due to flexural buckling from Clause 6.3.1, LT is the 
reduction factor due to lateral torsional buckling from Clause 6.3.2 and γM1 is the partial 
factor for member instability. Note that, since the recommended partial factor for 
member instability γM1 is equal to unity in EN 1993-1-1 (2005), the characteristic values 
NRk, My,Rk and Mz,Rk are equal to their design values NRd, My,Rd and Mz,Rd. 
 
Interaction factors can be found by either Method 1 or 2, which are described in Annex 
A and B of EN 1993-1-1 (2005) respectively. In general, the interaction formulae were 
both derived from the classical behaviour of an elastic beam-column based on in-plane 
second-order theory and then extended to spatial behaviour and modified to allow for 
plasticity. However, in Method 1, each constitutive factor is normally associated with a 
single physical effect, such as material and geometrical nonlinearities and interactions 
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between loading components, which was derived theoretically or if a theoretical 
approach was not possible, numerical simulations were used to calibrate the 
coefficients. In contrast, Method 2 employs a reduced number of factors as a result of 
integration of several effects, which were calibrated based on extensive numerical 
simulations. Comparatively, Method 1 provides a wide range of applicability with a 
high level of accuracy and consistency, whereas simplicity prevails against transparency 
in Method 2. The background of the derivation of interaction factors in both methods 
was described by Boissonnade et al. (2006). The interaction factors adopted in the two 
different methods are briefly described in the following sections. 
 
4.5.2.1 Method 1 
 
The interaction factors adopted in Method 1 are shown in Table 4.7 (Table A.1 in EN 
1993-1-1, 2005). 
 
 
Table 4.7: Interaction factors obtained from Method 1 (Annex A in EN 1993-1-1, 2005) 
Interaction 
factors 
Class 1 and Class 2  
cross-sections 
Class 3 and Class 4  
cross-sections 
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The relevant expressions for all parameters are given in Annex A of EN 1993-1-1 
(2005), while the physical effect of each parameter is briefly described herein.  
 
Cmi are the equivalent uniform moment factors, which are dependent on the axial force 
and the ratio of end moments (Vilette et al., 2000 and Vilette, 2004). CmLT is the 
modified equivalent uniform moment factor taking into account the effect of lateral 
torsional buckling.  
 
i and 
i,cr
Ed
N
N1
1
−
 are the amplification factors for the second-order moments induced 
from the axial load and first-order bending moments. 
 
Cij are the plasticity coefficients, in which Cyy and Czz deal with the plasticity effects 
when the bending plane is the same as the buckling plane, while Cyz and Czy concern the 
plane perpendicular to the plane of buckling. In general, the higher the slenderness, the 
more significant the role of elastic stability and the less pronounced the plastic 
behaviour. Cij depend on a number of factors − the axial force, member slenderness, 
shape factor and bending moment distribution, which determine the extent of spread of 
plasticity. The values of the plasticity factor are bounded such that the bending moment 
resistance is not lower than the elastic one. aLT, bLT, cLT, dLT and eLT are the factors 
incorporated in Cij to account for the lateral torsional buckling behaviour of the 
member. These factors vanish when lateral torsional buckling is irrelevant to ensure full 
continuity with the interaction formulae adopted for the in-plane behaviour. 
j
i
w
w6.0 (where wi and wj are the shape factors of the cross-sections in the two principal 
axes) also account for the plasticity effects, but more importantly in the biaxial bending 
interaction. Note that the interaction factors for Class 3 sections are the same as for 
Class 1 and 2 sections, but without the plasticity factors. Clearly, greater resistance is 
obtained from a plastic interaction criterion than from an elastic (first yield) interaction 
criterion, as was considered in the previous section. 
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To demonstrate the effect of member slendernesses in Method 1, interaction curves for a 
typical Class 1 or 2 EHS with an aspect ratio of two with various member slendernesses 
are plotted in Figures 4.40 to 4.43. The basic assumptions of the curves include that fy = 
355 N/mm2, E = 210 000 N/mm2 and buckling curve ‘a’ of EN 1993-1-1 (2005) is 
adopted as proposed by Chan and Gardner (2009). In the graphs, 
y
Ed
N
N
n =  is the axial 
load level, Nb,y,Rd and Nb,z,Rd are the design buckling resistances of the member under 
pure compression about the major and minor axes respectively, Mb,Rd is the design LTB 
resistance and Mpl,z is the minor axis bending resistance. 
 
It should be noted that, due to the boundary conditions considered in the present study 
(i.e. pinned about the axis to which the load is applied eccentrically, and fixed about the 
other axis), for the beam-columns loaded at an eccentricity to the major axis only, 
Equation (4.20) is always critical, while for those loaded at an eccentricity to the minor 
axis only, Equation (4.21) is always critical. For the biaxially loaded beam-columns, 
Equation (4.20) is critical when the major axis bending is dominant, while Equation 
(4.21) is critical when the minor axis bending dominates. This is illustrated by the 
bilinear interaction curves shown in Figures 4.42 and 4.43. Generally, the interaction 
factors increase in value with increasing member slenderness due to the growth of 
bending moment caused by the second-order effects; this is manifested as a gradual 
change from convex to concave interaction curves with slenderness. 
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Figure 4.40: Stability interaction curves for various member slendernesses (N + My) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.41: Stability interaction curves for various member slendernesses (N + Mz) 
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Figure 4.42: Stability interaction curves for various member slendernesses (N + My + 
Mz) at n = 0.1 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.43: Stability interaction curves for various member slendernesses (N + My + 
Mz) at n = 0.3 
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4.5.2.2 Method 2 
 
A reduced number of coefficients are employed for the prediction of beam-column 
member capacity in Method 2. The basic derivation of the interaction factors was 
described by Boissonnade et al. (2006). The interaction factors depend on the material 
properties, cross-section geometry, member slenderness, axial load level and bending 
moment distribution. However, as the derived interaction factors are based on elastic 
second-order theory, the factors have had to be calibrated on the basis of extensive 
numerical simulations to account for the plasticity effects. Therefore, the physical 
meaning of the parameters concerned is difficult to determine as more than one effect 
are incorporated in the numerical calibration. Tables 4.8 and 4.9 (Table B.1 and B.2 in 
EN 1993-1-1, 2005) gives the expressions for the interaction factors of rectangular 
hollow sections. 
 
Generally, the kyy and kzz factors increase with increasing member slenderness due to 
the growth of bending moments caused by the second-order effects, similar to Method 
1. The upper bound values of kyy and kzz are set at λ  = 1.0 beyond which the values 
remain constant since the member in this slenderness range behaves increasingly 
elastically and the effect of Mpl needs to be counter-compensated by the k factors 
(Greiner and Lindner, 2006).  
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Table 4.8: Interaction factors for Class 1 and 2 sections from Method 2 (Annex B in EN 
1993-1-1, 2005) 
Interaction 
factors 
For members not susceptible 
to torsional deformations 
For members susceptible 
to torsional deformations 
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Table 4.9: Interaction factors for Class 3 and 4 sections from Method 2 (Annex B in EN 
1993-1-1, 2005) 
Interaction 
factors 
For members not susceptible 
to torsional deformations 
For members susceptible 
to torsional deformations 
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To demonstrate the effect of member slendernesses on the design capacity prediction of 
Method 2, interaction curves with various member slendernesses are depicted in Figures 
4.44 to 4.47. The basic assumptions of section geometry and material properties used to 
generate the curves are the same as those adopted in the above section. As before, 
increasing slenderness leads to increasing k factors, which produce increasingly 
concave interaction curves.  
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Figure 4.44: Stability interaction curves for various member slendernesses (N + My) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.45: Stability interaction curves for various member slendernesses (N + Mz) 
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Figure 4.46: Stability interaction curves for various member slendernesses (N + My + 
Mz) at n = 0.1 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.47: Stability interaction curves for various member slendernesses (N + My + 
Mz) at n = 0.3 
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4.5.2.3 Comparison between Method 1 and Method 2 
 
For comparison of Method 1 and Method 2, interaction curves of eccentrically loaded 
beam-columns for λ  = 0.2 and 1.0 are plotted in Figures 4.48 and 4.49; while the 
comparisons for biaxially loaded beam-columns with various axial load levels are 
shown in Figures 4.50 to 4.52. 
 
It is shown that Method 1 generally predicts higher capacities for eccentrically loaded 
beam-columns, especially for more stocky members. The discrepancy decreases for 
more slender members. For biaxially loaded beam-columns, the difference becomes 
larger with higher axial load levels and for members of lower slenderness. Applicability 
of the EN 1993-1-1 (2005) interaction formulae to EHS members is assessed in the 
following section on the basis of the experimental and numerical results generated in 
this study; the assessment and development is focussed on Method 2, since this is more 
practical for designers. 
   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.48: Comparison of Method 1 and 2 for beam-columns with different member 
slendernesses loaded eccentrically about the major axis  
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Figure 4.49: Comparison of Method 1 and 2 for beam-columns with different member 
slendernesses loaded eccentrically about the minor axis  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.50: Comparison of Method 1 and 2 for biaxially loaded beam-columns with 
different member slendernesses and n = 0.1 
Chapter 4: Instability in EHS beam-columns 
 
157 
0.0
0.3
0.6
0.9
0.0 0.3 0.6 0.9
M
y,
Ed
/M
b,
R
d
Mz,Ed/Mpl,z
λz 
1.5
0.25
Method 1
Method 2
0.25
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
M
y,
Ed
/M
b,
R
d
Mz,Ed/Mpl,z
Method 1
Method 2
λz 
1.0
0.25
0.25
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.51: Comparison of Method 1 and 2 for biaxially loaded beam-columns with 
different member slendernesses and n = 0.3 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.52: Comparison of Method 1 and 2 for biaxially loaded beam-columns with 
different member slendernesses and n = 0.5 
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4.5.3 Comparison of experimental and numerical results with existing design rules 
 
Three principal cases: compression with major axis moment, compression with minor 
axis moment and compression with biaxial moments, are considered herein and design 
recommendations for EHS beam-columns are proposed.  
 
For the practical range of EHS column slendernesses considered ( zλ   1.5), the non-
dimensional slenderness for lateral torsional buckling LTλ  is always less than 0.4 
(Figure 4.47) (0.4 being the slenderness below which LTB can be neglected – see 
Chapter 3). Furthermore, for a cross-sectional aspect ratio γ = a/b of 2, which represents 
current commercially available sections, LTλ  is less than 0.4 up until a column 
slenderness zλ  of 2.7. It is therefore assumed that lateral torsional buckling need not be 
considered in this study for practical EHS beam-columns. Figure 4.53 shows a plot of 
LTλ  versus zλ  for EHS members with various aspect ratios γ = a/b, in which the outer 
diameter and thickness of the section are taken as 150 mm and 5 mm respectively, fy = 
355 N/mm2 and E = 210 000 N/mm2. In this section, applicability of the Method 2 
design rules to EHS is assessed. 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
Figure 4.53: LT  versus z  for EHS members with various aspect ratios 
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4.5.3.1 In- plane buckling under N + My 
 
For the EHS beam-columns in this study, loaded at an eccentricity to the major axis, all 
the tested specimen are classified as either Class 1 or 2 sections according to the 
classification guidance proposed by Gardner et al. (submitted). For the stability 
interaction, Equation (4.20) is always critical and the design buckling formula simplifies 
to: 
 
1
M
M
k
N
N
Rd,b
Ed,y
yy
Rd,y,b
Ed ≤+     (4.22) 
 
Figures 4.54 shows the test results with their corresponding interaction curves. The non-
dimensional slenderness yλ , the corresponding kyy factors obtained from Method 2 and 
the total utilisations U are tabulated in Table 4.10. Note that ultimate test loads and the 
corresponding first-order moments M1st, as reported in Table 4.3, have been plotted, and 
that Mb,Rd = Mpl,y,Rd. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.54: Interaction of axial load and major axis moment – tests and design curves 
in EN 1993-1-1 (2005) 
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Table 4.10: Calculated kyy factors from Method 2 
Specimen yλ  kyy U 
BC-1-ey=0 0.28 1.08 1.09 
BC-1-ey=25 0.27 1.05 1.08 
BC-1-ey=50 0.28 1.04 1.17 
BC-1-ey=150 0.28 1.02 1.00 
BC-2-ey=0 0.58 1.38 1.08 
BC-2-ey=25 0.54 1.22 1.07 
BC-2-ey=50 0.57 1.15 0.94 
BC-2-ey=150 0.56 1.08 0.96 
BC-3-ey=0 0.79 1.63 1.17 
BC-3-ey=25 0.80 1.36 1.04 
BC-3-ey=50 0.80 1.27 1.04 
BC-3-ey=150 0.80 1.15 1.05 
 
 
The test results generally follow the trend of the interaction curves, whereby failure 
occurs earlier for more slender columns due to more significant secondary effects; two 
data points (BC-2-ey=50 and BC-2-ey=150) lie marginally below their respective design 
curves. The kyy factors are generally higher for beam-columns with smaller eccentricity 
due to more pronounced secondary effects of the larger axial loads. These experimental 
results and resistance functions are subjected to reliability analyses in Chapter 5. 
 
In order to illustrate the effects of member slenderness yλ  and cross-sectional aspect 
ratio γ on the in-plane buckling behaviour of EHS beam-column members under axial 
compression and major axis bending, numerical results from the parametric studies 
described in Section 4.4 have been plotted in Figures 4.55 to 4.60, and compared with 
the corresponding design curves.  The member slendernesses considered were 0.5, 1.0 
and 1.5, while the cross-sectional aspect ratios considered were 2, 3 and 4. It should be 
noted that the kyy factor reaches it upper bound at yλ   = 1.0 and therefore the design 
curves are the same for yλ  = 1.0 and 1.5. Figures 4.55 to 4.57 show the comparisons 
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for different member slendernesses at constant aspect ratios, while the comparisons for 
different aspect ratios at constant slendernesses are depicted in Figures 4.58 to 4.60. 
 
The design curves are similar for the different aspect ratios since the stability effects are 
accounted for by the χ factor in the axial compression term. Generally, the design 
curves give satisfactory prediction on the actual behaviour of the EHS beam-column 
members with various member slendernesses and cross-sectional aspect ratios. It can be 
concluded that the design formulae for the in-plane buckling under axial compression 
and major axis bending (Equation (4.22)) are also applicable to EHS members. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.55: Interaction of axial load and major axis moment – FE results and design 
curves of members with γ = 2 
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Figure 4.56: Interaction of axial load and major axis moment – FE results and design 
curves of members with γ = 3 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.57: Interaction of axial load and major axis moment – FE results and design 
curves of members with γ = 4 
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Figure 4.58: Interaction of axial load and major axis moment – FE results and design 
curves of members with y  = 0.5 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.59: Interaction of axial load and major axis moment – FE results and design 
curves of members with y  = 1.0 
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Figure 4.60: Interaction of axial load and major axis moment – FE results and design 
curves of members with y  = 1.5 
 
 
4.5.3.2 In- plane buckling under N + Mz  
 
For the EHS beam-columns in this study, loaded at an eccentricity to the minor axis, all 
the tested specimen are classified as Class 3 sections according to the classification 
guidance proposed by Gardner et al. (submitted). For the stability interaction, Equation 
(4.21) is always critical and the design buckling formula simplifies to: 
 
1
M
M
k
N
N
z,el
Ed,z
zz
Rd,z,b
Ed ≤+     (4.23) 
 
Figures 4.61 shows the test results with their corresponding interaction curves. The non-
dimensional slenderness zλ , the corresponding kzz factors obtained from Method 2 and 
the total utilisations U are tabulated in Table 4.11. Note that ultimate test loads and the 
corresponding first order moments M1st, as reported in Table 4.3, have been plotted. 
Chapter 4: Instability in EHS beam-columns 
 
165 
0.0
0.2
0.4
0.6
0.8
1.0
0.0 0.2 0.4 0.6 0.8 1.0 1.2
N
Ed
/N
b,
z
,
R
d
Mz,Ed/Mel,z
Test - 1 m
Test - 2 m
Test - 3 m
EC3(A)-
1m
EC3(A)-
2m
1 m
2 m
3 m
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.61: Interaction of axial load and minor axis moment – tests and design curves 
in EN 1993-1-1 (2005) 
 
 
Table 4.11: Calculated kzz factors from Method 2 
Specimen 
zλ  kzz U 
BC-1-ez=0 0.48 1.32 1.17 
BC-1-ez=15 0.45 1.18 1.24 
BC-1-ez=25 0.45 1.14 1.21 
BC-1-ez=100 0.45 1.06 1.30 
BC-2-ez=0 1.00 1.59 1.15 
BC-2-ez=25 0.94 1.28 1.15 
BC-2-ez=50 0.95 1.20 1.15 
BC-2-ez=150 0.97 1.10 1.14 
BC-3-ez=0 1.48 1.54 1.05 
BC-3-ez=50 1.37 1.27 1.16 
BC-3-ez=100 1.42 1.19 1.15 
BC-3-ez=200 1.42 1.12 1.20 
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The test results generally follow the trend of the interaction curves, whereby failure 
occurs earlier for the more slender members due to more significant secondary effects. 
It should be noted that the non-dimensional slenderness of the 2 m and 3 m beam-
columns are equal or larger than 1.0, for which the same interaction curve applies; the 
response of the 2 m and 3 m test specimens are also similar, as shown in Figure 4.61. 
The kzz factors are generally higher for beam-columns with smaller eccentricities due to 
the more pronounced secondary effects associated with larger axial loads. These 
experimental results and resistance functions are subjected to reliability analyses in 
Chapter 5. 
 
In order to illustrate the effects of member slenderness zλ  and cross-sectional aspect 
ratio γ on the in-plane buckling behaviour of EHS beam-column members under axial 
compression and minor axis bending, numerical results from the parametric studies 
described in Section 4.4 have been plotted in Figure 4.62 to 4.67.  The member 
slendernesses considered herein are 0.5, 1.0 and 1.5; while three cross-sectional aspect 
ratios 2, 3 and 4 are compared. Similar to the in-plane buckling behaviour of EHS 
beam-column members under axial compression and major axis bending, the interaction 
factor (kzz) reaches it upper bound at zλ   = 1.0 and therefore the design curves are the 
same for zλ  = 1.0 and 1.5. Figures 4.62 to 4.64 show the comparisons for different 
slendernesses at constant aspect ratios, while the comparisons for different aspect ratios 
at constant slendernesses are depicted in Figures 4.65 to 4.67. 
 
The beam-column behaviour under axial compression and minor axis bending is similar 
to that under axial compression and major axis bending. Generally, the design curves 
give satisfactory prediction on the actual behaviour of the EHS beam-column members 
with various member slendernesses and cross-sectional aspect ratios. It can be 
concluded that the design formulae for the in-plane buckling under axial compression 
and minor axis bending (Equation (4.23)) are also applicable to EHS members. 
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Figure 4.62: Interaction of axial load and minor axis moment – FE results and design 
curves of members with γ = 2 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.63: Interaction of axial load and minor axis moment – FE results and design 
curves of members with γ = 3 
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Figure 4.64: Interaction of axial load and minor axis moment – FE results and design 
curves of members with γ = 4 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.65: Interaction of axial load and minor axis moment – FE results and design 
curves of members with z  = 0.5 
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Figure 4.66: Interaction of axial load and minor axis moment – FE results and design 
curves of members with z  = 1.0 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.67: Interaction of axial load and minor axis moment – FE results and design 
curves of members with z  = 1.5 
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4.5.3.3 Buckling under axial compression and biaxial bending N + My + Mz  
 
There is currently no guidance on the classification of EHS under combined 
compression plus biaxial bending. However, with reference to the classification 
proposal for compression plus uniaxial bending (Gardner et al., submitted), if the 
classification is performed considering the maximum stress from minor axis bending as 
uniform compression, which is clearly a conservative assumption, all the tested 
specimens are either Class 1 or 2 sections, or very marginally beyond Class 2 limits. 
Therefore, given the conservative assumption in the classification, all sections will be 
treated as Class 1-2, and compared with the corresponding interaction curves. For the 
biaxially loaded EHS beam-columns considered in this study, Equations (4.21) and 
(4.22) simplifies to: 
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Ed ≤++    (4.24) 
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The test results with their corresponding interaction curves are depicted in Figures 4.68 
to 4.70. The non-dimensional slendernesses yλ  and zλ , the axial load level 
y
Ed
N
N
n = , 
the corresponding kyy and kzz factors obtained from Method 2 and the total utilisations U 
are tabulated in Table 4.12. Note that ultimate test loads and the corresponding first 
order moments M1st, as reported in Table 4.5, have been plotted. 
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Table 4.12: Calculated kyy and kzz factors from Method 2 
Specimen yλ  zλ  n kyy kzz U 
BC-1-ey=40-ez=80 0.27 0.47 0.23 1.02 1.06 1.15 
BC-1-ey=100-ez=60 0.27 0.46 0.24 1.02 1.07 1.25 
BC-1-ey=140-ez=30 0.26 0.46 0.25 1.02 1.07 1.29 
BC-2-ey=40-ez=90 0.57 0.99 0.16 1.07 1.19 1.06 
BC-2-ey=120-ez=70 0.57 1.00 0.18 1.08 1.22 1.24 
BC-2-ey=180-ez=30 0.56 0.97 0.17 1.07 1.19 1.12 
BC-3-ey=80-ez=160 0.80 1.40 0.10 1.07 1.18 1.08 
BC-3-ey=210-ez=120 0.80 1.38 0.09 1.07 1.18 1.09 
BC-3-ey=310-ez=60 0.82 1.41 0.10 1.08 1.20 1.14 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.68: Interaction of axial compression and major and minor axis moments – 
tests and design curve from EN 1993-1-1 (2005) for 1 m beam-columns 
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Figure 4.69: Interaction of axial compression and major and minor axis moments – 
tests and design curve from EN 1993-1-1 (2005) for 2 m beam-columns 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.70: Interaction of axial compression and major and minor axis moments – 
tests and design curve from EN 1993-1-1 (2005) for 3 m beam-columns 
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The test results generally follow the trend of the interaction curves, which become more 
conservative for shorter beam-columns. The above experimental results and resistance 
functions are subjected to reliability analyses in Chapter 5. 
 
Similar to the above sections, numerical results from the parametric studies (Section 
4.4) on members with various slendernesses, cross-sectional aspect ratios and axial load 
levels have been plotted in Figure 4.71 to 4.80 to illustrate their effects on biaxially 
loaded EHS beam-columns.  The member slendernesses considered herein are 0.5, 1.0 
and 1.5, while three cross-sectional aspect ratios 2, 3 and 4 and axial load levels of 0.1 
and 0.3 are compared. Figures 4.71 to 4.76 show the comparisons for different member 
slendernesses at constant aspect ratios and axial load levels, while the comparisons of 
different aspect ratios at constant slendernesses and axial load levels are depicted in 
Figures 4.77 to 4.80. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.71: Interaction of axial compression and major and minor axis moments – FE 
results and design curves for members with n = 0.1 and γ = 2 
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Figure 4.72: Interaction of axial compression and major and minor axis moments – FE 
results and design curves for members with n = 0.1 and γ = 3 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.73: Interaction of axial compression and major and minor axis moments – FE 
results and design curves for members with n = 0.1 and γ = 4 
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Figure 4.74: Interaction of axial compression and major and minor axis moments – FE 
results and design curves for members with n = 0.3 and γ = 2 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.75: Interaction of axial compression and major and minor axis moments – FE 
results and design curves for members with n = 0.3 and γ = 3 
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Figure 4.76: Interaction of axial compression and major and minor axis moments – FE 
results and design curves for members with n = 0.3 and γ = 4 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.77: Interaction of axial compression and major and minor axis moments – FE 
results and design curves for members with n = 0.1 and z  = 0.5 
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Figure 4.78: Interaction of axial compression and major and minor axis moments – FE 
results and design curves for members with n = 0.1 and z  = 1.5 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.79: Interaction of axial compression and major and minor axis moments – FE 
results and design curves for members with n = 0.3 and z  = 0.5 
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Figure 4.80: Interaction of axial compression and major and minor axis moments – FE 
results and design curves for members with n = 0.3 and z  = 1.5 
 
 
Generally, the above comparisons have shown that the design curves currently given in 
Annex B of EN 1993-1-1 for RHS provide conservative predictions of the behaviour of 
the EHS beam-columns with various member slendernesses and cross-sectional aspect 
ratios and can be safely applied to EHS members. Similar to the beam-columns 
eccentrically loaded in one principal axis, the biaxially loaded members behave 
similarly for different aspect ratios. The current design curves do yield more 
conservative results for higher member slenderness and axial load level, as exemplified 
in Figure 4.80 where the discrepancies between the numerical results and the design 
curves are substantial for n = 0.3 and z  = 1.5. Improved agreement could be achieved 
by setting kzy = 0.3 kzz (rather than the current kzy = 0.6 kzz), effectively reducing the 
interaction between in-plane and out-of-plane buckling. This proposal is given by 
Equation (4.26): 
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The current and modified design curves are plotted with the numerical results for 
various member slendernesses and axial load levels in Figures 4.81 to 4.87. It is shown 
that the modified interaction formula provide more accurate predictions of the 
numerical results.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 Figure 4.81: Interaction of axial compression and major and minor axis moments – FE 
results with current and modified design curves for members with n = 0.1 and z  = 
0.25 
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Figure 4.82: Interaction of axial compression and major and minor axis moments – FE 
results with current and modified design curves for members with n = 0.3 and z  = 
0.25 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.83: Interaction of axial compression and major and minor axis moments – FE 
results with current and modified design curves for members with n = 0.5 and z  = 
0.25 
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Figure 4.84: Interaction of axial compression and major and minor axis moments – FE 
results with current and modified design curves for members with n = 0.1 and z  = 0.5 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.85: Interaction of axial compression and major and minor axis moments – FE 
results with current and modified design curves for members with n = 0.3 and z  = 0.5 
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Figure 4.86: Interaction of axial compression and major and minor axis moments – FE 
results with current and modified design curves for members with n = 0.1 and z  = 1.5 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.87: Interaction of axial compression and major and minor axis moments – FE 
results with current and modified design curves for members with n = 0.3 and z  = 1.5 
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4.6 Limiting member length in the presence of axial load 
 
In Section 3.4.4 of this thesis, the limiting length concept below which lateral torsional 
buckling need not be considered for EHS beams was discussed. This limiting length 
concept is textended to beam-columns herein.  
 
For a member subjected to uniform major axis bending moment and axial compression, 
the theoretical value of the critical moment can be estimated by (Austin, 1961): 
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where Mcr,0 is the elastic critical moment for pure bending and can be obtained by: 
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Ncr,z is the elastic buckling load about the minor axis: 
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and Ncr,T is the elastic torsional buckling load: 
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For closed sections, it is assumed that the effects of warping are negligible (Iw = 0) and 
therefore, after rearranging the terms from these expressions, the limiting length in the 
presence of axial load can be obtained from: 
 
Chapter 4: Instability in EHS beam-columns 
 
184 
)
N
N1)(
N
N1(
fW
GIEI
L
T,cr
Ed
z,cr
Ed
yy
tz
2
0,LT
N,c −−
piλ
=     (4.31) 
 
Clearly, when the member is under pure bending, the above expression reduces to that 
described in Section 3.4.4. The above relationship may be more conveniently presented 
in terms of axial load level 
y
Ed
N
N
n =  and cross-sectional aspect ratio γ = a/b, by 
utilising the simplified expressions for section properties, derived in Chapter 3. Hence, 
in the presence of axial load, the limiting length above which lateral torsional buckling 
need be considered may be obtained from the derivations below. 
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Substituting the above expression into Equation (4.31): 
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Square both sides and after rearranging the terms, 
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Substituting all the approximated plastic section properties (Section 3.4.4) into the 
above Lc,N formulation:  
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The denominator of the Lc,N formulation can be expressed by: 
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Therefore, for Class 1 and 2 sections, 
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As discussed in Section 3.4.4, the influence of the pre-buckling in-plane deflections ψ 
may also be included to achieve improved efficiency.  
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in which 
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For Class 3 sections, the expression of Wpl,y is replaced with Wel,y into Equation (3.16) 
and the limiting length in the presence of axial load with the inclusion of the influence 
of pre-buckling in-plane deflections is found to be: 
 
(4.32) 
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Graphs showing the limiting length versus aspect ratio for the exact formula (Equation 
(4.31)) and the approximate formulae (Equations (4.33) and (4.35)) for different levels 
of axial loads are depicted in Figures 4.88 and 4.89. For the comparisons, the larger 
outer diameter and thickness of the EHS were fixed to 150 mm and 5 mm respectively. 
The assumptions also included a plateau length 0,LTλ  = 0.4 and the nominal values of E 
= 210 000 N/mm2 and fy = 355 N/mm2. Good agreement between the exact and 
approximated formulations may be observed and it is concluded that the proposed 
expressions can be used to estimate the limiting length of a beam-column for various 
axial load levels and aspect ratios with high accuracy.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.88: Limiting length versus axial load level with various aspect ratios for Class 
1 and 2 cross-sections 
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Figure 4.89: Limiting length versus axial load level with various aspect ratios for Class 
3 cross-sections 
 
 
The limiting non-dimensional slenderness lim,zλ  can be obtained by dividing the 
limiting length expression by iz and 
y
1 f
E
pi=λ . Therefore, for Class 1 and 2 sections, 
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(4.36) 
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And for Class 3 sections, 
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4.7 Concluding remarks 
 
Member instability in hot-finished EHS beam-columns has been studied in this chapter. 
An experimental programme comprising 10 tensile coupon tests and 33 beam-column 
tests was carried out. The beam-column tests included 6 pure compression tests, 3 
buckling about the major axis and 3 about the minor axis, 18 eccentric compression 
tests, 9 inducing bending about the major axis and 9 about the minor axis, and a further 
9 tests that induced compression and bending about both axes. All tested elliptical 
hollow sections had a constant cross-section aspect ratio of two and the non-
dimensional column slenderness ranged from 0.28 to 0.84 in the major axis bending 
beam-column tests and from 0.49 to 1.44 in the minor axis bending and biaxially loaded 
beam-column tests. The key material properties, geometric measurements, and test 
results from the beam-column tests have been reported.  
 
Test results were utilised to validate numerical models. Satisfactory agreement between 
the test results and those obtained from the numerical models was achieved. A series of 
parametric studies based on the validated numerical models considering a range of 
slendernesses and aspect ratios were then performed to investigate the influence of 
cross-sectional aspect ratios ranging from 2 to 4 and member slendernesses λ  ranging 
from 0.5 to 1.5. On the basis of the experimental and numerical findings, design rules 
covering instability of hot-finished EHS beam-columns have been assessed. A modified 
(4.37) 
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expression for the kzy factor in Equation (6.62) of EN 1993-1-1 (2005) has been shown 
to provide improved agreement with test and numerical results for biaxially loaded 
beam-columns, but, to maintain consistency with the current EN 1993-1-1 approach for 
RHS, it is proposed that the existing expression be retained for design purposes. The 
limiting length concept discussed in Chapter 3 has also been extended to EHS beam-
columns and approximate formulations for the limiting length below which LTB in the 
presence of axial load can be ignored has been derived analytically, and presented in 
terms of axial load level and aspect ratio in the last section. 
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Chapter 5 
 
Structural reliability 
 
5.1 Introduction 
 
This chapter describes the concept, the importance and the implementation of structural 
reliability through a standard statistical approach in design codes. The structural 
behaviour of elliptical hollow sections under uniform compression and bending has 
been investigated by Chan and Gardner (2008a) and Zhao and Packer (2009), Chan and 
Gardner (2008b) and Chan and Gardner (2009). The reliability of the resistance 
functions proposed for elliptical hollow sections in the abovementioned papers and in 
this thesis is verified by statistical analyses in this chapter. The reliability of cross-
section classification limits for both CHS and EHS is also assessed in Chapter 6. 
Appropriate partial factors γM for the design models are then determined and compared 
with the recommended values in the existing design codes, EN 1993-1-1 (2005) and 
AISC (2005). 
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5.2 Background of reliability analysis 
 
In a limit state design code, a structure is designed to reach a defined limit state beyond 
which it no longer fulfils the design criteria. The concept of limit states is implemented 
in conjunction with the partial factor method. Most of the partial factors proposed in 
previous design codes were primarily determined by the calibration to early design 
methods, which was the result of a compromise by engineering judgement and 
experience rather than of rational and scientific thinking on the basis of experiments and 
observations. However, since loads and strengths have been considered separately and 
employed in the design equation as absolute or characteristic values of maximum load 
and minimum strength, in which the combined effect of the variability of loads and 
strengths is not taken account, this system cannot ensure an optimum level of safety or 
economic design.  
 
In late 1960s, following the introduction of the reliability concept that all loads and 
resistances are random variables (Cornell, 1969), a fundamental basis for assessing 
structural adequacy was derived such that structural design codes could be rationalised 
and structural safety could be quantified more accurately. Hence, in order to verify the 
recommended partial factors, incorporating all the uncertainties from design models, 
basic variables and test samples, to achieve the target reliability requirements, code 
calibration based on reliability analysis is required.  
 
Generally, there are three categories of reliability methods, termed Level I to III. The 
definitions were proposed by the Sub-Committee on First Order Reliability Concepts 
for Design Codes of the Joint Committee on Structural Safety (CIRIA Report, 1977). 
 
The Level I method was adopted in previous allowable stress design codes. Appropriate 
levels of structural reliability, on a structural element (member) basis, are provided by 
the specification of a number of partial factors related to the characteristic values of the 
basic variables. Generally, the partial safety factor is defined by: 
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d
k
M
x
x
=γ                 (5.1) 
 
where xk is the characteristic value (at 5% fractile) and xd is the design value of a 
variable. 
 
The Level II method, also termed the First Order Reliability Method (FORM), is a 
design method incorporating safety checks only at a selected point (or points) on the 
failure boundary (as defined by the appropriate limit state equation), rather than as a 
continuous process, as in the Level III method. Reliability levels can be defined by 
safety (or reliability) indices. With due regard for both operational and reliability 
considerations, FORM has been employed, based on the early work of Cornell (1969) 
and subsequent research by others (Ditlevsen, 1973; Hasofer and Lind, 1974 and 
Paloheimo and Hannus, 1974), in the calibration of most modern codes (e.g. Eurocodes 
and AISC Standards).  
 
The Level III method is based on an exact probabilistic analysis of structural systems, 
using a full distributional approach (Monte Carlo simulation technique). The analysis 
requires all uncertainties to be included in the probability density function and that this 
function is completely known. This method is difficult to apply in practice and 
simplified reliability methods are generally favoured. 
 
In the following section, the Level II approach (FORM), which is adopted in the 
calibration of many existing design standards, including the Eurocodes and American 
codes, is used to verify the reliability of the proposed EHS design functions. 
 
5.2.1 First order reliability method (FORM) 
 
The key feature of FORM is to identify the design point on the failure boundary where 
the probability of failure is maximum. The general procedure for performing FORM has 
been reported in a number of sources (Rackwitz, 1976; Augusti et al., 1984 and 
Ditlevsen and Madsen, 1996) and is briefly described herein. A limit state function Z 
may be defined as: 
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Z = R – S      (5.2) 
 
where S is the action effect and R is the resistance. 
 
The design values of the action effect Sd and resistance Rd may be obtained by: 
 
SSSdS βσα−µ=                 (5.3) 
 
RRRdR βσα−µ=                 (5.4) 
 
where      
2
R
2
S
S
S
σ+σ
σ−
=α                    (5.5) 
2
R
2
S
R
R
σ+σ
σ
=α                 (5.6) 
and    12R
2
S =α+α                  (5.7) 
 
in which  is the reliability index defined in Section 2.5, and S and R, S and R and 
S and R are the mean values, the standard deviations and the weighting factors of the 
action and resistance respectively. It should be noted that Equations (5.3) and (5.4) are 
only exact for normally distributed independent variables and linear limit state functions. 
 
The probability of failure at the design point is given by: 
 
( ) ( )βα+Φ=> Sdf SSP                (5.8) 
 
( ) ( )βα−Φ=≤ Rdf RRP                (5.9) 
 
where  is a cumulative distribution function of the standardised normal distribution. 
 
From the above equations, both action and resistance contribute to the determination of 
the weighting factors. Nonetheless, in most cases, it would be difficult to identify the 
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most critical action for the design, and the weighting factors can only be obtained by the 
tedious iterative calculations. To solve this problem, a semi-probabilistic safety concept, 
in which no explicit reliability calculations are undertaken, is adopted. This approach, 
adopted in the Eurocodes, assigns the weighting factors of action and resistance, S and 
R to -0.7 and 0.8 respectively (IABSE Colloquium, 1996). The values of S and R 
adopted in the American codes are -0.7 and 0.55 respectively (Galambos et al., 1982).  
 
As mentioned in Section 2.5, the reliability index  of a 50 year design working life for 
building structures is taken as 3.8 in the Eurocodes. A major assumption is that a large 
amount of test data is utilised in the calibration. However, if only a limited number of 
tests is available to verify a proposed resistance function, it is reasonable to assume that 
the reliability index adopted should be larger to account for the uncertain variability in 
the design model, and an appropriate statistical method should be chosen to estimate the 
probability of failure. 
 
5.2.2  Statistical evaluation model  
 
The characteristic or the design value of a resistance variable can be defined as a 
specified fractile of an appropriate probability distribution. The fractile xp is generally 
defined by the probability law: 
 
 p)xX(P p =<       (5.10) 
 
where p denotes the specified probability. For the characteristic strength, the 
probability, p = 5% is often assumed; whereas a lower probability, p ≅ 0.1%, is 
considered for the design strength. However, greater probabilities, say p ≅ 10% can be 
accepted for non-dominating design variables. 
 
The general format of the p-fractile estimate xp is given by: 
 
 σ−µ= np kx       (5.11) 
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where µ is the mean value of the population, kn is the fractile factor to be estimated by 
an appropriate statistical technique, σ is the standard deviation of the population and n 
is the sample size, i.e. the number of tests. 
 
The fractile factors adopted in Annex D of EN 1990 (2002) are based on the Bayesian 
method assuming that no prior information of the statistical parameters is available 
(Augusti et al., 1984; IABSE Colloquium, 1996 and Gulvanessian et al., 2002) and are 
summarised in Table 5.1, where up is the p-fractile of a standardised log-normal 
distribution and tp is the p-fractile of a generalized Student’s t-distribution. It should be 
noted that the expression in the first row should be used if the coefficient of variation of 
the variable is known from prior knowledge, whereas the second expression should be 
adopted if the coefficient of variation of the variable is not known from prior knowledge 
and which needs to be estimated from the test sample. 
 
 
Table 5.1: Estimation of fractile factors by Bayesian method 
Standard 
deviation, σ 
Probability distribution used in 
estimating the fractile factor, kn 
Expression 
Known Standardised log-normal 1
n
1
uk pn +−=  
Unknown Student t-distribution 1
n
1
tk pn +−=  
 
 
The determination of the fractile factors depends on the probability p corresponding to 
the desired fractile xp, sample size n and whether or not the standard deviation of the 
design variable is known. Tables D1 and D2 in Annex D of EN 1990 (2002) state the 
fractile factors corresponding to a specified number of tests for the 5% characteristic 
value and 0.1% design value respectively. For other numbers of tests, it can be obtained 
from the expressions given in Table 5.1. 
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5.2.3 Statistical analysis in EN 1990 (2002) 
 
To determine a reliable safety factor for a proposed resistance function, design values 
can be evaluated from statistical analyses. In EN 1990 (2002), Annex D provides a set 
of application rules for standard statistical evaluation procedures performed on the basis 
of tests. Design values for a material property, a model parameter or a resistance value 
may be determined from tests by either of the following means: 
a) by assessing a characteristic value, which is then divided by a partial factor and 
possibly by an explicit conversion factor; 
b) by direct determination of the design value, implicitly or explicitly accounting for 
the conversion aspects and the total reliability required. 
  
There are four major assumptions in the standard statistical analysis: firstly, that the 
resistance function is a function of a number of independent variables; secondly, that a 
sufficient number of test results is available; thirdly, that all relevant geometrical and 
material properties are measured; and finally, that all variables follow either a normal or 
a log-normal distribution. 
 
The standard evaluation procedure of Method (b) in Annex D.8 is described herein: 
 
Step 1 : Develop a design model 
The theoretical resistance function rt is defined by: 
 
)X(gr rtt =        (5.12) 
 
The resistance function should cover all the basic variables which must be mutually 
independent and measured for each test specimen i. 
 
Step 2 : Compare experimental re and theoretical rt values 
The theoretical values rti are obtained by substituting measured geometric and material 
properties of a test specimen into the resistance function. A graph of re versus rt reveals 
the scatter of the values, i.e. the deviation of the results from the line re = rt . 
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Step 3 : Estimate the mean value correction factor b 
The probabilistic model of the resistance, r is represented by the following format: 
 
δ= tbrr        (5.13) 
 
where  


= 2
t
te
r
rr
b  – the “Least Squares” best-fit to the slope; 
δ             – an error term which gives information on the scatter of the 
results from the mean value of the strength function. 
 
The mean value of the theoretical resistance function, calculated using the mean values 
Xm of the basic variables, can be obtained from: 
 
δ=δ= )X(bg)X(brr mrtmtm       (5.14) 
 
Step 4 : Estimate the coefficient of variation of the errors of the model V 
An estimated value of the coefficient of variation of errors in a log-normal distribution 
should be determined by: 
 
1)sexp(V 2 −= ∆δ       (5.15) 
 
where  
ti
ei
i br
r
=δ   – an error term for each ith experimental value; 
  )ln( ii δ=∆   – the ith error term in log-normal distribution; 
  
=
∆=∆
n
1i
i
n
1
  – the average value of the error terms; and 
 
=
∆ ∆−∆
−
=
n
1i
2
i
2 )(
1n
1
s  – the variance of the error terms. 
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Step 5 : Analyse compatibility 
A linear trendline is added to the plot re = b × rt to determine the R2 value by regression 
analysis in order to assess the degree of scatter in the test data. The R2 value, known as 
the coefficient of determination, is the proportion of variability in a data set that is 
accounted for by a statistical model and it also reveals how well the regression line 
approximates the real data points. For linear regression, R2 is defined by: 
 
yyxx
2
xy2
ssss
ss
R =      (5.16) 
 
where the sum of squares,  −≡ 2ixx )xx(ss       
     −≡ 2iyy )yy(ss     
     −−≡ )yy)(xx(ss iixy    

The prediction is the most reliable, i.e. the test results are compatible with the proposed 
design model, when its R2 value is near 1 or at 1 which indicates that the regression line 
perfectly fits the data. 
 
If the scatter is too high to give economical design resistance functions, this scatter may 
be reduced by correcting the design model to take into account parameters which had 
previously been ignored or modifying b and V by dividing the total test population into 
appropriate sub-sets for which the influence of design parameters may be considered to 
be constant.
 
 
 
Annex D also stated that when determining the fractile factors kn, the kn value for any 
sub-sets of data may be determined on the basis of the total number of the tests in the 
original series. For example, for 30 test samples, the corresponding kn value for Vx, 
unknown from Table D2 (Annex D of EN 1990 (2002)) is 3.44. In a sub-set of only 10 test 
data considered for a certain design parameter, the kn value of 3.44 can still be applied. 
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Step 6 : Determine the coefficients of variation Vxi of the basic variables 
Vxi of the basic variables are generally determined on the basis of some prior 
knowledge. Byfield and Nethercot (1997) proposed that the coefficients of variation of 
yield strength and geometric properties of structural steel sections can be taken as 0.05 
and 0.02 respectively. These values originate from industrial data obtained from 
European steel producers.  
 
Step 7 : Determine the design value of the resistance (Method b) 
The design value of the resistance function should be obtained from: 
 
 )Q5.0QkQkexp()X(bgr 2n,drtrt,dmrtd −α−α−= δδ∞  for n < 100; or           (5.17) 
 
)Q5.0Qkexp()X(bgr 2
,dmrtd −−= ∞      for n  100            (5.18) 
  
where    δ==µ )X(bgr mrtm  – from Step 3; 
        b    – mean value correction factor found from tests; 
   )X(g mrt  – mean design resistance; 
       Xm  – mean value of basic variables (measured in tests); and 
)Q5.0QkQkexp( 2n,drtrt,d −α−α−=δ δδ∞      
– to cater for the uncertainties from material and 
geometric properties, experimental sample data and the 
asymmetry in the log-normal distribution. 
 
 Step 8 : Obtain the partial safety factor M 
 The partial factor is given by:  
 
      
d
n
M
r
r
=γ        (5.19) 
 
where rn is the nominal resistance which is obtained by putting the representative or 
nominal values of all the basic variables into the resistance function, Equation (5.12). 
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In the European pre-standards (the ENVs), the partial factors γM0 (for resistance of 
cross-sections) and γM1 (for resistance of members to instability) were recommended to 
be 1.1; this value was however contrary to the general opinion amongst steel 
construction experts who had proposed a value of 1.0. This value was later justified by 
Chabrolin et al. (1997) and finally adopted for both γM0 and γM1 in the EN version of 
Eurocode 3 Part 1-1 (EN 1993-1-1, 2005). It should be noted that in the 
abovementioned study (Chabrolin et al., 1997), only the uncertainties in geometric and 
material properties for hot-rolled I/H profiles have been taken into account and no tests 
were performed to verify actual member capacity. A more rational approach considering 
other possible variability should be considered to justify the partial factors, especially 
for member instability which is largely independent of yield strength. 
 
5.2.4 Statistical analysis in AISC (2005) 
 
In the AISC Load and Resistance Factor Design (LRFD) Standard for Structural Steel 
Buildings (AISC, 2005), the general format of the LRFD Specification is given by: 
 
 φ≤γ nii RQ       (5.20) 
 
in which Qi is the nominal load effect, γi is the load factor corresponding to Qi, Rn is the 
nominal strength, and φ  is the resistance factor corresponding to Rn. The load and 
resistance factors, similar to the partial factors, also account for unavoidable 
inaccuracies in the theory, variations in the material properties and dimensions and 
uncertainties in the determination of the loads.  
 
The reliability index  is defined by Ravindra and Galambos (1978) as: 
 
2
Q
2
R
mm
VV
)Q/Rln(
+
=β       (5.21) 
 
where Qm and Rm are the mean values of the total load effect and resistance respectively 
and VQ and VR are the coefficient of variation of the total load effect and resistance 
respectively.  
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In order to determine the design values of load effects and resistance achieving the 
target reliability, first-order reliability method is utilised (see Section 5.2.1). For a 
specified reliability index, the partial (resistance) factor can be determined from: 
 
 )Vexp()R/R( Rnm αβ−=φ     (5.22) 
 
where Rn is the nominal resistance and α is the weighting factor. It was found that a 
value of -0.55 for the weighting factor gave a good approximation to various load 
combinations upon calibration to the previous edition of the AISC ASD Specification, 
AISC (1978) (Ravindra and Galambos, 1978). The resistance factors adopted in the 
current LRFD Specification (AISC, 2005) were obtained based on this formulation. 
 
Ellingwood et al. (1982) developed a set of common load factors, which was adopted in 
ASCE (2000), for various structural materials on the basis of a thorough assessment of 
implied reliabilities in existing design practice. A dead load factor of 1.2 and a live load 
factor of 1.6 for the basic combination of dead plus live load were specified. In a more 
recent study (Bartlette et al., 2003), in order to assess the impact of load ratios, the 
relationship between the reliability index and the resistance factor after incorporating 
the effect of loads, can be found by rearranging Equation (5.21): 
 






+
+
φ+
=β ))D/L)(L/L()D/D(
)D/L(6.12.1(
R
Rln
VV
1
mmn
m
2
Q
2
R
   (5.23) 
 
where D and L are dead and live load effects respectively,  Dm and Lm are the mean 
values of dead and live load effects and Rn is the nominal resistance.  
 
Since a considerable range of  values under different load combinations was obtained 
from previous edition of the AISC ASD Specification (AISC, 1978), the parameters 
L/D, Dm/ D and Lm/L were assigned to be 3.0, 1.05 and 1.0 respectively for braced 
compact beams in flexure and tension members at yield in the new code calibration 
(AISC, 2005) in order to unify the target reliability index (AISC, 2005 - Commentary 
and Ellingwood et al., 1980). Based on these parameters, reliability index can then be 
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computed to verify the reliability of a proposed design function. In the AISC (2005) 
Standard, the partial factors of both member resistances for compression and flexure 
were recommended to be 0.9 and the implied  is approximately 2.6.  
 
In the reliability analyses performed in Section 5.4, the reliability indices were 
determined based on the ASCE formulation (ASCE, 2002) which is extended from 
Equation (5.23) to incorporate the uncertainties of the design model, the variability of 
the material and geometrical properties and the influence of the number of test samples. 
The reliability index can be found by: 
 






φ
ρρρ
+
=β )(5.1ln
VV
1 PFM
2
Q
2
R
     (5.24) 
 
where  
 
2
PP
2
F
2
MR VCVVV ++=      (5.25) 
 
and  
 
3n
1nCP
−
−
=       (5.26) 
 
in which VM, VF and VP are the coefficients of variation of material factor, fabrication 
factor and tested-to-predicted load ratios respectively, CP is a correction factor taking 
into account the number of tests, n, and ρM, ρF and ρP are the mean values of material 
factor, fabrication factor and tested-to-predicted load ratios respectively. 
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5.3 Statistical analysis of previously developed design rules (EN 
approach) 
 
The purpose of the statistical analysis performed in this section is to verify whether the 
recently developed design models for elliptical hollow sections (Chan and Gardner, 
2008a, b and 2009), incorporating an equivalent diameter for axial compression, 
bending and column buckling of tubular sections, developed in line with EN 1993-1-1 
(2005), satisfy the Eurocode reliability requirements. 
 
Certain statistical parameters were assumed in the analyses based on previous findings 
pertaining to the mechanical and geometrical properties of structural steel. In the study 
carried out by Byfield and Nethercot (1997), taking into account over 7000 mill tests 
from the samples taken from two European producers, British Steel and Unimetal, the 
ratio of mean to nominal yield strengths (i.e. the material overstrength) was found to be 
1.16 and the coefficients of variation of yield strength and geometric properties could be 
taken as 0.05 and 0.02 respectively (Byfield and Nethercot, 1998). These values were 
adopted in the statistical analyses of the test results in this thesis. It should be noted that 
in the abovementioned study, the samples were all taken from hot-rolled I sections. 
 
Key parameters obtained from the statistical analyses are presented in following 
sections. The following symbols are used: kd,n = design (ultimate limit state) fractile 
factor for n tests, where n is the population of test data under consideration; b = average 
ratio of experimental to model resistance based on a least squares fit to the test data; Vδ 
= coefficient of variation of the tests relative to the resistance model; and Vr = combined 
coefficient of variation incorporating both model and basic variable uncertainties. 
 
5.3.1 Axial compression 
 
The design resistance of a cross-section under uniform compression is determined as 
follows (EN 1993-1-1, 2005 Clause 6.2.4): 
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0M
y
Rd,c
Af
N
γ
=   for class 1, 2 or 3 cross-sections   (5.27) 
0M
yeff
Rd,c
fA
N
γ
=  for class 4 cross-sections    (5.28) 
 
where A is the cross-sectional area, Aeff is the effective area of a cross-section and γM0 is 
the partial factor applied to the resistance of cross-sections. 
 
The behaviour of stub columns can be more generally expressed by: 
 
yRd,cRd,c NN α=       (5.29) 
 
where yy AfN = , for Class1, 2 or 3 sections , 1Rd,c ≥α  and for Class 4 sections, 
1Rd,c <α . 
 
The relationship between αc,Rd and the non-dimensional cross-section slenderness De/tε2 
can be established from the experimental and numerical results. 25 stub column test 
results on elliptical hollow sections (grade S355) and the corresponding numerical 
findings reported by Chan and Gardner (2008a), together with a further 8 stub column 
test results from Zhao and Packer (2009) were collected and included in the statistical 
analysis. Figure 5.1 shows the plot of normalised compressive resistance versus cross-
section slenderness. By plotting a least squares regression fit to the data set, the 
relationship between αc,Rd and De/tε2 is found to be: 
 
182.1
t
D001.0 2
e
Rd,c +
ε
−=α       (5.30) 
 
where De is the equivalent diameter of an EHS (Gardner and Chan, 2007), t is the 
thickness of the cross-section and ε2 = 235/fy to allow for a range of yield strengths. 
 
Since no allowance has been made for either the variability in the test results or the 
variability of the basic variables (material and geometrical properties) in the design 
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expression, statistical analysis incorporating these uncertainties is performed to verify 
the reliability of the proposed design model. For comparison, statistical analysis is also 
carried out for existing stub column tests of CHS. Due to the limited number of hot-
rolled CHS tests (Giakoumelis and Lam, 2004 and Teng and Hu, 2007), both cold-
formed (Sakino et al., 2004 and Tutuncu and O’Rourke, 2006) and very high strength 
steel (Zhao, 2000 and Zhao and Jiao, 2003) data have been also included. The major 
parameters of the statistical analyses using different data sets and the corresponding 
design models obtained as described above are presented in Table 5.2. The partial factor 
for hot rolled EHS under axial compression is found to be 1.08 and this relationship can 
be illustrated in Figure 5.2. 
 
The general aim of statistical verification of design functions is to achieve a similar 
notional reliability level between the new and existing codes (CIRIA Report, 1977). The 
γM0 for the stub column tests of CHS is found to be a maximum of 1.13, while it is 1.08 
for EHS. Since the design model in EN 1993-1-1 (2005) has been safely applied for 
CHS, although the evaluated value of γM0 for EHS is slightly higher than 1.00, it is 
reasonably acceptable. It can be concluded that the existing design model of tubular 
sections under axial compression in EN 1993-1-1 (2005) is reliable and also applicable 
to EHS (incorporating an equivalent diameter).  
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Figure 5.1: Normalised compressive resistance versus cross-section slenderness of stub 
column tests on hot rolled EHS 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5.2: Determination of γM0 for the best fit model 
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Table 5.2: Results of statistical analyses of different data sets under axial compression for EN 1990 (2002) 
Section Data set New design model 
No. of tests 
Fractile 
factor 
RTest / RCode 
Model 
scatter 
Resistance 
scatter γM0’ γM0 
n kd,n b Vδ Vr 
CHS 
Tests - all y = -0.0004x + 1.164 34 3.41 0.933  0.0751  0.0945  1.27 1.12 
Tests - high-strength  
(fy,m = 1366MPa) 
y = -0.0008x + 1.284 20 3.67 0.994  0.0168 0.0599  1.05 0.86 
Tests - hot-rolled  
+ cold-formed 
y = -0.001x + 1.168 14 3.99 1.036  0.0633 0.0855  1.13 1.07 
EHS 
Tests only y = -0.001x + 1.182 33 3.42 1.016  0.0806 0.0990  1.18 1.08 
Tests + FE  
- α = t/100 
y = -0.001x + 1.213 58 3.27 1.017  0.0763 0.0955  1.16 1.05 
* fy,m is the mean yield strength, α is the local imperfection amplitude and t is the thickness of the cross-section. 
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5.3.2 Bending 
 
Statistical analyses are also performed on the 18 EHS bending test data and the 
corresponding numerical results generated by Chan and Gardner (2008b) to verify the 
proposed design model for EHS under bending (Chan and Gardner, 2008b). Two data 
sets are considered (tests only and tests plus FE results) and the key statistical 
parameters are given in Table 5.3 below: 
 
 
Table 5.3: Results of statistical analyses of different data sets under bending for EN 
1990 (2002) 
Section Data set 
No. of 
tests 
Fractile 
factor 
RTest / 
RCode 
Model 
scatter 
Resistance 
scatter γM0 
n kd,n b Vδ Vr 
EHS 
Tests only 18 3.75 1.298 0.0973 0.1130 1.00 
Tests + FE  
- α = t/10 
36 3.39 1.295 0.0866 0.1039 0.94 
 
 
The calculated values of γM0 for both data sets are found to be less than or equal to 1.00. 
Therefore, the design bending resistance functions for tubular sections in EN 1993-1-1 
(2005) can be also applied to EHS in conjunction with equivalent diameter concept 
achieving the same level of reliability. 
 
5.3.3 Column buckling 
 
A major assumption of the standard statistical analysis outlined in the EN 1990 (2002) - 
Annex D is that the resistance equation is a function of independent variables. From the 
design equations in EN 1993-1-1 (2005), the buckling resistance of members may be 
seen to depend on the reduction factor χ, the material yield strength fy and the cross-
section area A. However, the last two parameters are also involved in determining χ, 
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which implies that the basic variables are not independent in these design expressions. 
A procedure for separating the dependence of the basic variables in the buckling 
resistance function is described herein. 
 
The buckling strength, Nb,Rd in EN 1993-1-1 (2005) is given by: 
 
1MyRd,b /AfN γχ=   for Class 1, 2 and 3 cross-sections  (5.31) 
 
1MeffyRd,b /AfN γχ=     for Class 4 cross-sections   (5.32) 
 
Considering Class 1 to 3 sections, in order to separate the dependence of fy and A, the 
design model can be expressed as: 
 
ba
yRd,b AfXN =         (5.33) 
  
where X is a constant, independent of  fy and A. The powers a and b vary for different 
slenderness and should be computed for each test specimen. In order to evaluate the 
power a, two columns of the same geometrical properties, but different material 
properties, fy,1 and fy,2 are considered. The ratio of their capacities is given by: 
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And, due to the difference in fy, the non-dimensional slenderness of the two columns is 
also different: 
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By adopting small increments in fy (e.g. fy,2 / fy,1 = 1.001), an accurate approximation of 
the power a can be obtained for an instantaneous value of fy, rather than averaging over 
a wider range of values for a larger ratio (Melessidis, 2006).   
 
The power a can then be found by the following steps: 
1. Calculate Actualλ  (as 1λ ), the slenderness of the test specimen from the test data. 
(5.35) 
(5.34) 
(5.36) 
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2. Calculate Actualχ  (as 1χ ) from Actualλ . 
3. Calculate 
.Auxλ  (as 2λ ) from fy,2 / fy,1 =1.001 and Equation (5.35) and then 
.Auxχ  
(as 2χ ). 
4. Calculate 
1,Rd,b
2,Rd,b
N
N
 by Equation (5.36). 
5. Find a by Equation (5.34). 
 
The power b may be subsequently obtained as follows: 
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The elastic critical buckling load of an EHS column is given by:  
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(5.37) 
(5.38) 
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I is approximately proportional to A2, as shown in Figure 5.3. Hence, 
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The ratio of the slendernesses is then calculated by: 
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The power b can be obtained by following similar steps to those to determine a as 
described above and taking A2 / A1 = 1.001. 
 
 
 
 
(5.40) 
(5.41) 
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(a) Iy versus A2 for standard sections from Corus (2006) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) Iz versus A2 for standard sections from Corus (2006) 
 
Figure 5.3: Iy versus A2 
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The relationship between the two powers a and b and the non-dimensional slenderness 
λ  is plotted in Figure 5.4. The values of the parameters are calculated based on 
buckling curve ‘a’ of EN 1993-1-1, as recommended by Chan and Gardner (2009), for 
buckling resistance of hot-finished EHS columns. At low slenderness ( λ  	 0.2), χ 
equals 1.0 and Nb,Rd = fyA/γM1, with a = b = 1. At high slenderness, Nb,Rd approaches Ncr, 
which is independent of fy, but dependent on section geometry; hence, a approaches 0 
and Nb,Rd may be expressed as Nb,Rd ≈ Xfy0Ab = XAb. It was shown in Figure 5.4 that b 
approaches 2 with increasing slenderness which coincides with the elastic critical 
buckling load, Ncr considering that I is proportional to A2. The derived values of a and b 
therefore accord with the physical behaviour of column buckling.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5.4: The powers a or b versus non-dimensional slenderness   
 
 
The variability of the basic variables fy and A needs to be modified in the statistical 
analysis to incorporate the influence of the powers. According to EN 1990 (2002) - 
Annex D Equation (D.16b), if the resistance function is not simply linearly dependent 
Chapter 5: Structural reliability 
 
 
216 
 
on the basic variables, then the coefficient of variation of the basic variables, Vrt may be 
obtained from: 
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where VAR[grt(X)] and grt(Xm) are the variance and the mean of the resistance function 
grt(X) respectively. This modification is incorporated in Step 7 of the statistical analysis. 
 
In addition, the material overstrength factor (taken as 1.16 in previous sections) is now 
dependent on the power a and which is modified as 1.16a and needs to be computed for 
each test or numerical data point. 
 
Statistical analyses based on the above-described modified approach are now performed 
on the test data and the corresponding numerical results for EHS column buckling to 
verify the design model proposed by Chan and Gardner (2009), based on buckling curve 
‘a’ of EN 1993-1-1. This buckling curve is currently applied to other hot-finished 
hollow sections.   
 
The results of the statistical analyses are tabulated in Table 5.4. For the 24 test data and 
test data plus FE results, the partial factors γM1 were found to be 1.05 and 1.02, 
respectively which are slightly larger than 1.00, the recommended value stated in EN 
(5.42) 
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1993-1-1 (2005). Since the numerical models have been calibrated using the 
experimental data, it is considered legitimate to incorporate the FE results in the 
statistical analysis due to the limited number of tests. More tests may be required to 
justify the recommended partial factor, but at this stage, it can be assumed that the 
buckling resistance function proposed by Chan and Gardner (2009) – buckling curve ‘a’ 
of EN 1993-1-1 (2005) may be adopted for EHS columns satisfying the specified 
reliability criteria. 
 
 
Table 5.4: Results of statistical analyses of two data sets under column buckling for EN 
1990 (2002) 
Data set 
No. of 
tests 
Fractile 
factor 
RTest / RCode 
Model 
scatter 
Resistance 
scatter γM1 
n kd,n b Vδ Vr 
Tests only 24 3.56 1.083  0.0567 0.0733  1.05 
Tests + FE  
- α = L/1000 
48 3.31 1.076  0.0463 0.0656  1.02 
 
 
5.3.4 Lateral torsional buckling 
 
Similar to column buckling, the lateral torsional buckling resistance of members may be 
seen to depend on the reduction factor χLT, the material yield strength fy and the section 
modulus Wy. However, the last two parameters (fy and Wy) are also involved in 
determining χLT, which implies that the basic variables are not independent in these 
design expressions. The dependence of the basic variables in the lateral torsional 
buckling resistance function should be separated. 
 
The design lateral torsional buckling strength, Mb,Rd in EN 1993-1-1 (2005) is given by 
Equation (3.3). In order to separate the dependence of fy and Wy in the design model, it 
can be also expressed as: 
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d
y
c
yRd,b WfKM =        (5.43) 
 
where K is a constant, independent of  fy and Wy. The powers c and d vary for different 
slenderness and should be computed for each test specimen. Following the similar 
procedures described in the above section, taking c as a, d as b, Mb,Rd as Nb,Rd and Wy as 
A, LTλ  as λ , Mcr as Ncr and LTχ  as χ . The powers c and d are found to be: 
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The elastic critical moment for lateral torsional buckling of an EHS (where warping is 
negligible) is given by:  
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Iz and It are approximately proportional to Wy4/3, as shown in Figures 5.5 and 5.6. Hence, 
 
(5.46) 
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The ratio of the slendernesses is then calculated by: 
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(a) Iy versus Wpl,y4/3 for standard sections from Corus (2006) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) Iy versus Wel,y4/3 for standard sections from Corus (2006) 
 
Figure 5.5: Iy versus Wy4/3 
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(a) It versus Wpl,y4/3 for standard sections from Corus (2006) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) It versus Wel,y4/3 for standard sections from Corus (2006) 
 
Figure 5.6: It versus Wy4/3 
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The relationship between the two powers c and d and the non-dimensional slenderness 
LTλ  is plotted in Figure 5.7. The values of the parameters are calculated based on a 
plateau length value 4.00,LT =λ ,  = 0.75 and buckling curve ‘b’ of EN 1993-1-1, 
which was suggested in the UK National Annex for hot-finished hollow sections with a 
cross-sectional aspect ratio of two or smaller as described in Section 3.4.1. At low 
slenderness ( LTλ 	 0.4), beams fail by in-plane bending which is controlled by the 
section modulus and material yield strength. In this instance, χLT equals 1.0, Mb,Rd = 
fyWy/γM1, with c = d = 1. At high slenderness, Mb,Rd approaches Mcr, which is 
independent of fy, but dependent on section geometry; hence c approaches 0 and Mb,Rd 
only depends on the geometric properties and may be expressed as Mb,Rd ≈ K fy0Wyd = 
K Wyd. It was shown in Figure 5.7 that d approaches 4/3 (~ 1.33) with increasing 
slenderness which coincides with the elastic critical buckling moment Mcr considering 
that Iy is approximately proportional to Wy4/3. The change in response at around 
6.1LT =λ  indicates that the upper bound of the member resistance is reached, in which 
the capacity is limited to Mcr. The derived values of c and d therefore accord with the 
physical behaviour of beams susceptible to lateral torsional buckling. 
 
Similar to column buckling, the variability of the basic variables fy and Wy needs to be 
modified to allow for their influence at different values of member slenderness, taking 
Wy as A, the coefficient of variation of the basic variables in the lateral torsional 
buckling function, Vrt may be obtained from: 
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This modification was incorporated into Step 7 of the statistical analysis stated in EN 
1990 (2002) – Annex D. And similarly, the material overstrength factor is modified to 
1.16c which is evaluated for each data. 
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Figure 5.7: The powers c or d versus non-dimensional slenderness LT  
 
 
A statistical evaluation based on the above described modified approach was then 
performed for the test data reported in Section 3.2.2 and the test data plus the numerical 
results from the parametric studies performed in Section 3.3.1. As discussed in Section 
3.4.1, the moment resistance taken for the analysis is based on a plateau value 
4.00,LT =λ ,  = 0.75 and buckling curve ‘b’ of EN 1993-1-1, which is suggested in the 
UK National Annex for hot-finished hollow sections with a cross-sectional aspect ratio 
of two or smaller. Statistical parameters adopted are the same as the above section. The 
results of the analyses and a summary of the key statistical parameters are presented in 
Table 5.5. The partial factors γM1 were found to be 0.84 for the test data only and 0.81 
for the test data plus FE results and both values are less than unity, unity being the 
recommended partial factor for member buckling in EN 1993-1-1 (2005). It is therefore 
recommended that the buckling moment resistance function from EN 1993-1-1 (2005), 
that is currently applied to RHS beams can also be adopted for hot-finished EHS beams 
satisfying the specified reliability criteria. 
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Table 5.5: Results of statistical analysis of test data for EN 1990 (2002) 
Data set 
No. of 
tests 
Fractile 
factor 
RTest / RCode 
Model 
scatter 
Resistance 
scatter γM1 
n kd,n b Vδ Vr 
Tests only 14 3.99 1.426 0.0722 0.0896 0.84 
Tests + FE 44 3.33 1.421 0.0703 0.0848 0.81 
 
 
5.3.5 Combined axial compression plus bending 
 
The behaviour of beam-columns depends on a number of factors, including member 
slendernesses, cross-section geometry, type of loading and support conditions. In the 
development of the Eurocode 3 beam-column design expressions (Boissonnade et al., 
2006), instead of performing standard statistical analysis based on Annex D of EN 1990 
(2002), a simplified approach was adopted by comparing the ratio R between the 
theoretical and experimental loadings. Adopting a similar approach herein, Table 5.6 
shows the key statistical parameters from the EHS beam-column test data, in which R is 
the ratio between the total utilisation from the compression, major and minor axes 
bending term, incorporating the corresponding interaction factors, reported in Section 
4.5.3 and the full utilisation limit (i.e. unity), n is the number of tests, Rm is the mean 
value of the utilisation ratio and VR is the coefficient of variation. It should be noted that 
in Section 4.5.3.3,  although kzy factor can be modified to give improved predictions of 
test and numerical results, it is proposed, for consistency with the current approach in 
EN 1993-1-1 for RHS,  to maintain kzy = 0.6 kzz, which is adopted in the statistical 
analyses undertaken in this section. 
 
Comparing the statistical results above with those for other cross-sectional shapes 
obtained from Boissonnade et al. (2006) shows that a similar level of reliability is 
achieved for EHS members. A standard statistical analysis based on Annex D of EN 
1990 (2002) is performed herein for the EHS beam-column tests to assess the reliability 
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of the interaction formulae, see Table 5.7. The resistance term in the statistical analysis 
is taken as the total utilisation from the compression, major and minor axes moments. 
The obtained partial factors are slightly higher than 1.0, but offer similar reliability to 
other sections, which is considered adequate. Therefore it is recommended that the 
interaction formulae from EN 1993-1-1 discussed in Chapter 4 can also be safely 
applied to EHS members. 
 
 
Table 5.6: Results of statistical analysis of test data for EN 1990 (2002) 
Data set n Rm VR 
N + My 12 1.058 0.066 
N + Mz 12 1.171 0.053 
N + My + Mz 9 1.158 0.072 
 
 
Table 5.7: Results of statistical analysis of test data for EN 1990 (2002) 
Data set 
No. of 
tests 
Fractile 
factor 
RTest / 
RCode 
Model 
scatter 
Resistance 
scatter γM1 
n kd,n b Vδ Vr 
N + My 12 4.19 1.058 0.0666 0.0880 1.13 
N + Mz 12 4.19 1.171 0.0526 0.0779 0.98 
N + My + Mz 9 4.74 1.158 0.0712 0.0915 1.09 
All tests 33 3.42 1.126 0.0774 0.0964 1.06 
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5.4 Statistical analysis of previously developed design rules (AISC 
approach) 
 
Reliability analyses in accordance with AISC (2005) are also performed for hot-finished 
elliptical hollow sections based on the existing design rules for hollow section members. 
Statistical parameters adopted in the analysis are determined from previous findings 
(Ellingwood et al., 1980; Dexter et al., 2000 and Bartlette et al., 2003). The ratio of 
mean to nominal values of yield strengths ρM is taken as 1.028 and the mean value of 
fabrication factor ρF is assumed to be 1.00. The coefficients of variation of yield 
strength VM and fabrication factor VF are taken to be 0.058 and 0.05, respectively and 
the coefficient of variation of load effect VQ is taken as 0.2. It is interesting to note that 
the bias factors of yield strengths adopted in EN 1993-1-1 (2005) and AISC (2005) are 
more than 10% different. The possible reasons include: differences between steel 
producers and processes, different specifications (EN 10025, 1990; BS 4360, 1990; and 
ASTM A992, 2006) with which the steels were rolled in accordance and different levels 
of reliability, where a more stringent criterion is specified in Europe compared with that 
in the United States. 
 
The reliability indices are calculated from Equation (5.24) and the results of the 
statistical analyses are summarised in Table 5.8. The following symbols are used: n is 
the number of tests, ρP is the mean value of tested-to-predicted load ratios, VP and VR 
are the coefficients of variation of tested-to-predicted load ratios and resistance 
respectively. For the resistance factor of the value of 0.9, the reliability indices found in 
all cases were greater than the target reliability index, 2.6 and therefore, it is 
recommended that the design resistance functions given in AISC (2005) that are 
currently applied to tubular sections can also be adopted for hot-rolled elliptical hollow 
sections, provided that the equivalent diameters proposed by Chan and Gardner (2008a 
and b) are implemented.  
 
Since there is no provision for checking lateral torsional buckling of tubular beams in 
AISC (2005), the LTB tests results described in Chapter 3 are not included in this 
reliability analysis.  
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Table 5.8: Summary of statistical parameters for AISC (2005) 
Type of test Section Data set n ρP VP VR φ β 
Stub Column 
CHS Tests only 34 1.343 0.084 0.12 0.90 3.61 
EHS Tests only 25 1.232 0.080 0.11 0.90 3.25 
Bending EHS Tests only 18 1.275 0.132 0.16 0.90 3.05 
Column 
Buckling 
EHS 
Tests only 24 1.180 0.071 0.11 0.90 3.11 
Tests + FE 48 1.180 0.057 0.10 0.90 3.17 
                                               
 
For the beam-column tests, similar to the above section, the ratio R between the total 
utilisation from the compression, major and minor axes bending term of the beam-
column test results computed from Equation (H1-1a) of AISC (2005) and the full 
utilisation limit, which is unity, is compared to assess the safety of the interaction 
formulae proposed in the American standard. The key statistical parameters are 
presented in Table 5.9. Reliability analyses have also been performed based on the 
AISC provision to evaluate the reliability index for the interaction formulae, see Table 
5.10. Although, in some cases, the reliability indices evaluated are slightly lower than 
2.6, they are considered acceptable for EHS beam-column design. Therefore, the design 
interaction formulae given in AISC (2005) can also be safely applied to EHS members. 
 
 
Table 5.9: Results of statistical analysis of test data for AISC (2005) 
Data set n Rm VR 
N + My 12 1.082 0.118 
N + Mz 12 1.031 0.123 
N + My + Mz 9 1.239 0.122 
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Table 5.10: Summary of statistical parameters for AISC (2005) 
Data set n ρP VP VR φ β 
N + My 12 1.082 0.118 0.15  0.90 2.46 
N + Mz 12 1.031 0.123 0.16  0.90 2.24 
N + My + Mz 9 1.239 0.122 0.16  0.90 2.94 
Total 33 1.106 0.141 0.16  0.90 2.47 
 
 
5.5 Concluding remarks 
 
A statistical analysis based on a First Order Reliability Method to evaluate structural 
reliability of proposed EHS design rules has been described in this chapter. A series of 
statistical analyses based on the standard evaluation procedures outlined in EN 1990 
(2002) - Annex D and AISC (2005) have been performed for stub column, bending, 
column buckling, lateral torsional buckling and beam-column tests on hot-finished 
elliptical hollow sections. A modified approach in evaluating the coefficient of variation 
of the basic variables was proposed in order to satisfy a major assumption stated in the 
standard procedures. Results showed that generally the partial factors evaluated for the 
proposed design models were less than 1.0 in the Eurocode approach and the reliability 
indices were also found to be larger than 2.6 in the US approach. Hence, the design 
models adopted in EN 1993-1-1 (2005) and AISC (2005), but with equivalent diameters 
proposed by Chan and Gardner (2008a and b), for tubular sections under axial 
compression, bending and combined loading can be applied to hot-finished elliptical 
hollow sections, achieving the same level of structural safety. 
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Chapter 6 
 
Unified slenderness limits for tubular 
sections (CHS and EHS) 
 
6.1 Introduction 
 
Tubular sections are thin-walled structural elements, and hence local buckling is a 
primary consideration in their design. All current design specifications adopt the 
concept of cross-section classification for the treatment of local buckling in thin-walled 
tubular members, but there is significant variability between the slenderness limits 
employed to demark the individual classes. EN 1993-1-1 (2005) and BS 5950 (2000) 
for structural steelwork, together with EN 1993-1-4 (2006) for stainless steel and EN 
1999-1-1 (2007) for aluminium, define four behavioural classes of cross-section, based 
upon their susceptibility to local buckling. Class 1 cross-sections, termed plastic 
sections in BS 5950 (2000), are capable of reaching and maintaining their full plastic 
moment Mpl in bending by forming plastic hinges with sufficient rotation capacity for 
plastic design. Class 2 cross-sections, referred to as compact sections in BS 5950 
(2000), are also capable of reaching their full plastic moment in bending but have lower 
deformation capacity. In Class 3 cross-sections, termed semi-compact sections in BS 
5950 (2000), local buckling prevents attainment of the full plastic moment and the 
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bending moment resistance is limited to the yield moment Mel. Class 4 cross-sections, 
commonly referred to as slender sections, exhibit local buckling before the yield stress 
is achieved, and bending moment resistance is determined based on an effective cross-
section defined by the width-to-thickness (or diameter-to-thickness in the case of 
circular hollow sections) ratios of the constituent elements. The moment-rotation 
characteristics of the four behavioural classes are illustrated in Figure 6.1. AISC (2005) 
and AS 4100 (1998) effectively define three classes of cross-section: Class 1 cross-
sections are referred to as compact, there is no equivalent to Class 2 sections, Class 3 
sections are termed non-compact, while Class 4 cross-sections are referred to as slender 
sections. 
 
 
 
 
 
 
 
 
 
 
 
Figure 6.1: Four behavioural classes of cross-sections 
 
 
In this chapter, the factors influencing local buckling and the structural response of 
tubular sections are discussed, test data on structural steel, stainless steel and aluminium 
tubes are collated and analysed, and slenderness limits prescribed in a series of 
international design standards, which exhibit significant variability, are evaluated. The 
study focuses on structural hollow sections rather than cylindrical shells with very high 
diameter-to-thickness (D/t) ratios. Based on the available test data, current codified 
provisions in the European, North American and Australian Standards are reassessed, 
and following reliability analyses, new unified slenderness limits are proposed for 
circular and elliptical tubular sections. 
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6.2 Factors affecting local buckling and structural response of tubular 
sections 
 
Local buckling occurs in thin-walled sections when the applied compressive stress 
exceeds a critical value, and is characterised by local ripples in the cross-section wall. 
Local buckling and the structural response of tubular sections are influenced by a 
number of factors, which are discussed in this section. 
 
The elastic buckling stress of a cylindrical shell in the axis-symmetric mode is given by: 
 






ν−
=σ
D
t
)1(3
E2
2cr
     (6.1) 
 
where E is Young’s modulus, ν is Poisson’s ratio and D/t is the diameter-to-thickness 
ratio of the cross-section and the geometric parameter that controls local buckling. The 
susceptibility to elastic buckling in preference to yielding depends on the yield strength 
of the material fy, and this therefore also appears in slenderness parameters. With higher 
yield strengths, the slenderness of the section effectively increases, i.e. the section is 
more susceptible to local buckling prior to yielding. Previous studies have however 
shown that the slenderness limits derived for normal strength steel tubes become 
conservative when applied to very high strength steel (Zhao, 2000). This is linked to the 
presence and influence of initial geometric imperfections and residual stresses. Residual 
stresses are typically induced in structural components through plastic deformation and 
differential cooling during manufacture. Their influence on structural members is to 
cause premature yielding and loss of stiffness, often leading to deterioration of load 
carrying capacity. In high strength steel sections, residual stresses are a smaller fraction 
of the yield strength and therefore their detrimental effect is smaller than for normal 
strength steel (IABSE, 2005). Initial geometric imperfections can also have a significant 
influence on the strength of thin-walled sections (Zhao and Jiao, 2003) by amplifying 
buckling deformations and hence expediting the initiation of yield. The effect of 
imperfections is less detrimental to the response of high strength structural components, 
and a modified imperfection factor for columns, which reduces with yield strength, has 
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been proposed to reflect this behaviour (IABSE, 2005); this issue has also been 
highlighted in the context of local buckling (Zhao and Jaspart, 2005). 
 
Local buckling and the structural response of tubular sections are also influenced by the 
stress-strain behaviour of the constituent material, which is largely controlled by its 
chemical composition and physical properties, but is also affected by the fabrication 
route through which the section is formed. Generally, there are two different types of 
stress-strain curves – yield point and round house. In the former, stress is linearly 
proportional to strain up to the yield point, after which a yield plateau and strain 
hardening may be observed – this behaviour is typical of hot-rolled steel sections. A 
round house stress-strain curve deviates from linearity at low stresses and displays a 
gradually yielding behaviour and no sharply defined yield point. Stainless steel and 
aluminium exhibit this type of behaviour as the basic material response, while cold-
formed steel sections also display a rounded stress-strain response due to the 
Bauschinger effect, whereby residual stresses resulting from plastic deformations 
induced during production cause deviation of the stress-strain response from linearity 
upon load reversal. Resistance to local buckling depends on the stiffness of the material, 
and hence local buckling is promoted by any loss of stiffness due to yielding or 
nonlinearity. Gradual loss of stiffness as opposed to a sharp yield point is often regarded 
as being beneficial in terms of structural performance (Schilling, 1965 and Kato, 1977), 
with a greater degree of strain hardening enabling higher moment capacities in stocky 
sections of low D/t ratios. 
 
A further factor to be considered in the response of tubular sections in bending is 
ovalization; ovalization refers to the gradual flattening of a tube under bending resulting 
from the inclined nature of the forces in the tube wall that arise in the deformed 
configuration. The material and geometric properties of structural metallic tubes 
preclude failure by ovalization wholly in the elastic range, with yielding or local 
buckling being the key factors limiting structural resistance. However, ovalization may 
contribute to failure since hoop stresses are induced in the wall of the tube which will 
influence the onset of plasticity, and there is a reduction in local curvature of the most 
heavily compressed region of the tube, which facilitates the onset of local buckling. 
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Numerous studies have been undertaken on the subject of local buckling in the design 
of circular hollow sections, addressing many of the abovementioned factors, and 
guidance is provided in all major design codes. However, examination of the provisions 
of each reveals significant differences in the adopted slenderness parameters and 
slenderness limits. These differences are discussed in the following section.  
 
 
6.3 Existing slenderness parameters and limits for CHS and EHS 
 
6.3.1 Slenderness parameters 
 
Slenderness parameters for circular hollow sections in all structural design codes 
include the geometric diameter-to-thickness ratio D/t and the material yield strength fy 
(in N/mm2), but the latter is normalised by a number of different values in the various 
codes, resulting in a range of measures of slenderness. These are summarised in Table 
6.1, as is the treatment of Class 4 (slender) sections. 
 
Following recent research (Gardner and Chan, 2007 and Chan and Gardner, 2008a and 
b), slenderness parameters and limits have also been proposed for elliptical hollow 
sections. When an elliptical hollow section is subjected to axial compression or bending 
about the minor axis, local buckling initiates at the point of maximum radius of 
curvature, where rmax = a2/b and therefore the cross-section slenderness parameter for 
axial compression and bending about the minor axis has been proposed as: 
 
235
f
t
b/a2
235
f
t
D y2ye
=     (6.2) 
 
where De is the equivalent diameter, a is half of the larger outer diameter and b is half of 
the smaller outer diameter. 
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Table 6.1: CHS slenderness parameters adopted in different structural design codes 
Material Design code 
Cross-section 
slenderness 
parameter 
Guidance on effective 
properties for Class 4 
(slender) cross-sections 
Compression Bending 
Structural 
steel 
EN 1993-1-1 (2005) 
235
f
t
D y
 
-
1
 -
1
 
BS 5950-1 (2000) 
275
f
t
D y
 
Clause 3.6.6 Clause 3.5.6.4 
AISC (2005) 
E
f
t
D y
 
Section E7 Section F8 
AS 4100 (1998) 
250
f
t
D y
 
Section 6.2 Section 5.2 
Stainless 
steel 
EN 1993-1-4 (2006) 
E
210000
235
f
t
D y
 
-
1
 -
1
 
Aluminium EN 1999-1-1 (2007) 
250
f
t
D y
 
Clause 6.1.5 Clause 6.1.5 
Note: 1 No effective section properties are provided but the designer is directed to EN 
1993-1-6 (2007) for shells 
 
 
Following analytical and experimental studies (Chan and Gardner, 2008b), it was 
proposed that, for major axis bending, the slenderness parameters are given by: 
 
235
f
t
b/a8.0
235
f
t
D y2ye
=  for a/b > 1.357   (6.3) 
 
235
f
t
a/b2
235
f
t
D y2ye
=   for a/b  1.357   (6.4) 
 
It should be noted that for the special case of an EHS with an aspect ratio of unity, the 
proposed cross-section slenderness parameter reverts to that for CHS in EN 1993-1-1 
(2005). 
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6.3.2 Slenderness limits 
 
Different design codes adopted different slenderness limits for Class 1, Class 2 and 
Class 3 cross-sections. The background of defining the limiting values of slenderness 
limits in various design codes is briefly described herein. 
 
6.3.2.1  Class 1 and Class 2 limits 
 
Class 1 and Class 2 cross-sections are both capable of reaching their plastic bending 
moment resistance, but they are distinguished by their rotation capacity Rr which is 
defined as the normalised rotation at which the moment-rotation curve falls back below 
Mpl following deformation. Class 1 cross-sections must have sufficient rotation capacity 
to permit moment redistribution in indeterminate structures in plastic design. In several 
design codes, rotation checks for Class 1 cross-sections are bypassed by a classification 
of the sections according to their slenderness ratios in the compression zone. By 
working within these limitations, sufficient rotation capacity of the sections for plastic 
design shall be secured. Investigations of the rotation requirements in several types of 
structure have been performed by Driscoll (1958) and Kerfoot (1965). Korol and 
Hudoba (1972) have summarised these investigations and proposed a rotation 
requirement of Rr = 4 for plastic design using cold-formed structural hollow sections. 
Slenderness limits were then developed on the basis of this requirement. A rotation 
capacity of 4 was also adopted by Hasan and Hancock (1989), Zhao and Hancock 
(1991) and Wilkinson and Hancock (1998) for their contribution to the Australian 
standard (AS 4100).  
 
The North America standard derived their limiting slenderness ratios for compact 
sections assuming a rotation capacity of 3. This value is based on limiting the flange 
strain to four times the yield strain, which was shown to be sufficient for most civil 
engineering structures (Yura et al., 1978, AISC, 2005 and AISC Commentary, 2005). 
 
In Europe, Bild et al. (1989) and Sedlacek and Feldmann (1995) also found that a 
rotation capacity of 3 is sufficient for three-span continuous beams and single bay 
frames under point loads. Limiting slenderness ratios for Class 1 cross-sections in the 
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European standard were developed based on this rotation requirement. Stranghöner et 
al. (1994) studied numerically the factors affecting the rotation requirements of square, 
rectangular and circular hollow sections in a three-span continuous beam subjected to a 
point load in the central span.  Results showed that a rotation capacity of 3 is sufficient; 
this value has also been found to be suitable by other researchers (Rondal et al., 1995 
and Sedlacek et al., 1998). 
 
6.3.2.2  Class 3 limits 
 
Under pure compression, cross-sections that reach the yield load are considered as Class 
1-3, whilst Class 4 cross-sections are not able to attain the yield load due to the local 
buckling of the slender constituent elements. Class 3 and Class 4 cross-sections in 
bending are distinguished by their ability to reach the elastic moment resistance Mel. 
Existing codified Class 3 limits in pure compression or pure bending have generally 
been determined experimentally based on stub column or pure bending tests by plotting 
a graph of Nu/Ny or Mu/Mel, where Nu or Mu is the maximum load or moment reached in 
the test, versus the resulting cross-section slenderness. A value of Nu/Ny or Mu/Mel 
greater than unity represents meeting of the Class 1-3 or Class 3 requirement, whilst a 
value less than unity indicates a Class 4 cross-section where local buckling prevents the 
yield load or moment from being attained. 
 
6.3.2.3  Existing limits for tubular sections in various design codes 
 
Different slenderness limits may be found in different design codes, together with a 
range of expressions of slenderness parameter. In order to make a direct comparison 
between the design codes, the slenderness limits have been converted to a common 
basis, using the slenderness parameter adopted for stainless steel in EN 1993-1-4 (2006). 
This is appropriate since the EN 1993-1-4 (2006) slenderness parameter includes the 
Young’s modulus E as well as the material yield strength, and can therefore reflect the 
different stiffness of the materials, with aluminium in particular having a significantly 
lower Young’s modulus than both steel and stainless steel. It should be noted that the 
slenderness limits of aluminium alloys depend on the material classification (Table 3.2 
in EN 1999-1-1, 2007) and generally extruded hollow profiles belong to Class A. The 
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limiting values of Class A without welds are compared herein. The following values for 
E were adopted: 210 000 N/mm2 for structural steel, 200 000 N/mm2 for stainless steel 
and 70 000 N/mm2 for aluminium. The modified slenderness limits are presented in 
Table 6.2. 
 
From Table 6.2, it may be observed that the Class 3 (yield) slenderness limits in 
compression are fairly consistent between the structural steel and stainless steel design 
codes, but a more relaxed limit is applied to aluminium. The Class 1 and 2 slenderness 
limits in bending are also fairly consistent across the range of design codes and 
materials. However, the Class 3 slenderness limits in bending show significant variation. 
Note that EN 1993-1-1 (2005) and EN 1999-1-1 (2005) adopt the same Class 3 
slenderness limit for both compression and bending. 
 
The Class 3 limit in bending is of particular practical significance because it represents 
the borderline between fully effective (Class 3) and slender (Class 4) cross-sections, 
with the latter requiring additional calculation effort for designers. There are two 
principal reasons for the variation in this slenderness limit between the different design 
codes. The first relates to the pool of available structural performance data, noting that 
classification limits are often sensitive to the slenderness range of test data upon which 
they are based (Gardner and Chan, 2007). The Class 3 limit for circular hollow sections 
in bending in EN 1993-1-1 was derived on the basis of tests on stocky sections reported 
by Sedlacek et al. (1995), whereas the same limit in AISC (2005), which is significantly 
more relaxed was based on the results of Sherman (1984), combined with other data 
(Jirsa et al., 1972 and Sherman, 1976 and 1983) which included sections with a far 
wider range of slenderness. The second reason relates to the different regional practices 
in terms of structural reliability. The partial safety factors adopted in different design 
codes are summarised in Table 6.3. 
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Table 6.2: Summary of CHS slenderness limits in different structural design codes   
Material Structural steel Stainless steel Aluminium 
Action Limit 
EN 1993-1-1 
(2005) 
BS 5950 
(2000) 
AISC  
(2005) 
AS 4100 
(1998) 
EN 1993-1-4 
(2006) 
EN 1999-1-1 (2007) 
Class A, without welds 
Compression Class 3 90.0 93.6 98.3 87.2 90.0 171.6 
Bending 
Class 1 50.0 46.8 62.6 53.2 50.0 42.9 
Class 2 70.0 58.5 - - 70.0 90.8 
Class 3 90.0 163.8 277.0 127.7 280.0 171.6 
 
 
Table 6.3: Partial safety factors for cross-section resistance adopted in different design codes 
Material Structural steel Stainless steel Aluminium 
Design code 
EN 1993-1-1 
(2005) 
BS 5950 
(2000) 
AISC 
(2005) 
AS 4100 
(1998) 
EN 1993-1-4 
(2006) 
EN 1999-1-1 
(2007) 
Partial safety factor 1.00 1.00 0.901 0.901 1.10 1.10 
Note: 1 Partial factor appears in numerator, while others appear in denominator; 1/0.9=1.11 
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Reliability of the design provisions for cross-section resistance depends upon both the 
adopted slenderness limit and the partial safety factor. The target reliability index and 
material over-strength are also influential, as are any possible regional differences in 
manufacturing standards and tolerances. EN 1993-1-1 (2005) employs a partial safety 
factor of unity, while AISC (2005) adopts a value of 0.9 (in the numerator); the EN 
1993-1-1 (2005) limits would therefore be expected to the stricter, since the limit itself 
has to effectively compensate for the disparity in safety factors.  
 
For hot-finished elliptical hollow sections, Chan and Gardner (2008a and b) proposed 
that provided the equivalent diameters De outlined in Section 6.3.1 were employed, the 
current CHS slenderness limits in compression and bending from EN 1993-1-1 (2005) 
could be safely applied to EHS. It was further recommended that the current Class 3 
limit in bending could be relaxed from 90 to 140 for both EHS and CHS.  
 
 
6.4 Evaluation of test data and proposed unified slenderness limits 
 
Owing to the significant differences in slenderness limits highlighted in the previous 
section, available test data have been collated and analysed in this section, aiming to 
propose a set of unified slenderness limits for both circular hollow sections (in the 
present section) and elliptical hollow sections (in Section 6.5). Attention is focused on 
the Class 3 slenderness limit in bending, since this is where the greatest discrepancies 
lie. 
 
6.4.1 Test data 
 
A total of 155 test results on circular hollow section beams of different materials and 
configurations under bending have been collated in this study. The following tests were 
considered: 52 tests on hot-rolled steel sections (Schilling, 1965; Sedlacek, 1995; Jirsa, 
1972 and Sherman, 1976), 33 tests on cold-formed steel sections (Sherman, 1976; Korol, 
1978 and Elchalakani et al., 2001 and 2002), 21 tests on fabricated steel sections 
(Sherman, 1983 and 1984 and Stephens, 1982), 12 tests on very high strength steel 
sections (Zhao and Jiao, 2004), 20 tests on stainless steel sections (Rasmussen and 
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Hancock, 1993 and SCI, 2000) and 17 tests on aluminium sections (Moore and Marshall, 
1942 and Zhu and Young, 2008). The tests were conducted in three different 
configurations: 25 in pure bending, 119 in four-point bending and 11 in three-point 
bending. The cross-section slenderness λlocal of the beams varied from 20.4 to 294.5 
(using the EN 1993-1-4, 2006 measure of slenderness as discussed earlier – i.e. 
2local t
D
ε
=λ  where 
210000
E
f
235
y
=ε ); a graph of the ultimate test moment normalised 
by the elastic moment capacity plotted against the cross-section slenderness is shown in 
Figure 6.2. The Class 3 slenderness limits in bending for the various design codes are 
also shown. The available test results display the anticipated trend of decreasing 
normalised moment capacity with increasing slenderness, though there is significant 
scatter in the data. The superior performance of the very high strength steel sections is 
particularly evident. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 6.2: Normalised test moment capacity versus cross-section slenderness and 
codified Class 3 slenderness limits 
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6.4.2 Scatter of data 
 
The significant scatter of the test data is attributed to the factors set out in Section 6.2. 
The influence of the shape of the material stress-strain curve (i.e. the strain hardening 
characteristics) can be illustrated by considering the maximum moment capacity 
obtained for a similar section with three different stress-strain curves, which are shown 
in Figure 6.3 below. Curve 1 is an elastic, perfectly plastic stress-strain curve without 
strain hardening, with a yield stress of 355 N/mm2, while curves 2 and 3 have the same 
yield stress, but different degrees of linear strain hardening (Esh = 435 and 817 N/mm2, 
respectively). A circular hollow section with an outer diameter of 200 mm and a 
thickness of 10 mm was considered. Three maximum strains, 0.5 %, 1.0 % and 5.0 %, 
were chosen to study the effect of strain hardening on the ultimate moment capacity of 
the sections. A linearly varying distribution of the strain was assumed through the depth 
of the section, and the corresponding stress was obtained from the stress-strain curve, 
and the ultimate moment capacity subsequently calculated. Table 6.4 below shows the 
ultimate moments obtained for different stress-strain curves. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 6.3: Material stress-strain curves with differing degrees of strain hardening 
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Table 6.4: Ultimate moments obtained for CHS with different stress-strain curves 
εmax 
Ultimate moment / kNm (% increase compared with Curve 1) 
Curve 1 Curve 2 Curve 3 
Esh = 0 N/mm2 Esh = 437 N/mm2 Esh = 817 N/mm2 
0.5 % 124.4 125.1 (0.5%) 125.5 (0.9%) 
1.0 % 127.7 128.8 (0.8%) 129.8 (1.7%) 
5 % 128.2 134.2 (4.7%) 140.2 (9.4%) 
 
 
It may be seen from Table 6.4 that the difference in ultimate moment capacity can be up 
to 9.4% depending on the strain hardening properties of the material and the strain limit 
considered. This illustration highlights the significance of strain hardening on section 
moment capacity, and is clearly a contributory factor (not currently recognised in design 
codes) for variation in behaviour between sections. 
 
6.4.3 Reliability analysis 
 
In order to obtain a unified slenderness limit achieving a consistent level of safety and 
incorporating the uncertainty in the test results and the variability of the basic variables 
(material and geometric properties) in the design expression, a reliability analysis in 
accordance with EN 1990 (2002), which is discussed in Chapter 5, is performed herein. 
Of the total of 155 test results, the reliability analysis is performed on 106 tests on hot-
finished, cold-formed and fabricated structural steel sections, where similar behaviour 
would be expected. Since no formula for deriving effective section properties for Class 
4 CHS is provided in EN 1993-1-1 (2005), a modified expression based on the BS 
5950-1 (2000) provisions is adopted in calculating the design moment capacity for these 
sections, as given by Equation (6.5): 
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where Weff and Wel are the effective and elastic section moduli respectively. 
 
The basic parameters relating geometry and material adopted in the reliability analyses 
described in Section 5.3 are also employed here. The results of the analyses and a 
summary of the key statistical parameters are presented in Table 6.5. The following 
symbols are used: kd,n=design (ultimate limit states) fractile factor for n tests, where n is 
the population of test data under consideration; b=average ratio of experimental to 
model resistance based on a least squares fit to the test data; Vδ =coefficient of variation 
of the tests relative to the resistance model; Vr=combined coefficient of variation 
incorporating both model and basic variable uncertainties; γM0’=factor by which the 
mean curve should be reduced to provide a reliable design curve. 
 
 
Table 6.5: Summary of statistical analysis parameters for EN 1990 (2002) 
Number of tests kd,n b Vδ Vr γM0’ 
106 3.18 1.10 0.131 0.142 1.24 
 
 
A least squares regression fit to the test data set is plotted in Figure 6.4, which is then 
scaled down by the required safety factor of 1.24 (Table 6.5) obtained from the 
reliability analysis to yield the design curve. The unified Class 3 slenderness limit (i.e. 
where the design curve passes through Mu/Mel = 1.0) for steel sections is found to be 
100 with partial factor of 1.00 adopted in the Eurocode and 135 for the AISC and 
Australian partial factor of 0.9, with the latter design curve being scaled down by a 
factor of 1.12 (= 1.24 × 0.9) from the mean.  
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Figure 6.4: Normalised test moment capacity versus cross-section slenderness, with 
statistical analysis 
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In a previous study by Chan and Gardner (2008b), 18 in-plane bending tests on hot-
finished elliptical hollow sections were carried out. A new cross-section slenderness 
parameter was proposed for EHS and it was proposed that the Class 3 slenderness limit 
for both CHS and EHS may be relaxed to 140 in bending. In the present study, 
statistical analysis is performed for all the available bending test data (124 tests) on hot-
finished, cold-formed and fabricated CHS and hot-finished EHS in order to verify the 
reliability of the Class 3 classification limit of tubular sections in bending. The effective 
section property for Class 4 EHS cross-sections proposed by Chan and Gardner (2008b) 
is adopted in calculating the design moment capacity, as given by Equation (6.6): 
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where De is the equivalent diameter, Weff and Wel are the effective and elastic section 
moduli respectively. 
 
 
Table 6.6: Summary of statistical analysis parameters for EN 1990 (2002) 
Data set Number of tests kd,n b Vδ Vr γM0’ 
Hot-finished CHS and EHS 70 3.24 1.29 0.127 0.138 1.05 
All CHS and EHS 124 3.17 1.12 0.133 0.144 1.23 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 6.5: Normalised test moment capacity versus cross-section slenderness for hot-
finished CHS and EHS, with statistical analysis 
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Figure 6.6: Normalised test moment capacity versus cross-section slenderness for all 
hot-finished, cold-formed and fabricated CHS and EHS, with statistical analysis 
 
 
Figures 6.5 and 6.6 show the design curves yielded by scaling down the mean curve by 
the required safety factor of 1.05 and 1.23 obtained from the reliability analyses (Table 
6.6) for the two data sets respectively. The unified Class 3 slenderness limits for hot-
finished and all structural steel CHS and EHS are found to be 165 and 110 respectively 
with a partial factor of 1.00 adopted in the Eurocode, and 190 and 145 respectively for 
the AISC and Australian partial factor of 0.9, with the latter design curves being scaled 
down by a factor of 0.945 (= 1.05 × 0.9) and 1.11 (= 1.23 × 0.9) respectively from the 
best fit model.  
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6.6 Concluding remarks 
 
The factors affecting local buckling in tubular sections and the treatment of this 
instability in various structural design codes have been discussed. It was shown that the 
Class 1 and 2 slenderness limits in bending are fairly consistent across the range of 
design codes and materials, whilst a large disparity in the Class 3 slenderness limits in 
bending was observed between the different design codes. Towards the establishment of 
unified slenderness limits, the results of 155 bending tests on CHS and 18 bending tests 
on EHS were examined, and reliability analyses were performed in accordance with EN 
1990 (2002). Revised Class 3 slenderness limits for both CHS and EHS cross-sections 
of 110 for EN 1993-1-1 and 145 for AISC 360 and AS 4100 were proposed. For hot-
finished CHS and EHS only, more relaxed Class 3 limits of 165 (EN 1993-1-1) and 190 
(AISC 360 / AS 4100) were found, which also confirm the reliability of the 140 (EN 
1993-1-1) limit previously proposed by Chan and Gardner (2008b). Table 6.7 
summarises the proposed unified slenderness limits for structural steel tubular sections. 
These slenderness limits provide a unified treatment across the structural steel design 
codes since the more relaxed slenderness limit proposed for AISC (2005) and AS 4100 
(1998) is offset by the inclusion of the partial safety factor of 0.90 adopted in these 
codes.  
  
 
Table 6.7: Proposed unified slenderness limits for structural steel tubular sections 
Action Limit 
Structural steel 
EN 1993-1-1 / BS 5950 AISC 360 / AS 4100 
 Class 1 50 50 
Bending Class 2 70 70 
 Class 3 110 145 
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Chapter 7 
 
Conclusions and suggestions for future 
research 
 
In this chapter, the key research findings and principal conclusions of this project are 
reported. Following this, recommendations for future research, building on that carried 
out in this thesis, are presented. 
 
 
7.1 Research summary 
 
The recent addition of hot-finished structural steel elliptical hollow sections of 
standardised geometries together with their introduction into the European product 
standard, EN 10210-2 (2006) provides a new option, other than circular, square and 
rectangular hollow sections, for structural designers. Their merits, including 
aesthetically pleasant appearance, different flexural rigidities about the two principal 
axes and potential to enable material and cost savings compared with circular hollow 
sections, have already encouraged their adoption in civil and structural engineering 
applications, ranging from sculptures to bridges and buildings. To date, knowledge of 
the structural behaviour and global instability of elliptical hollow sections is rather 
Chapter 7: Conclusions and suggestions for future research  
 
 249
limited and reliable structural design rules are required to facilitate their wider 
utilisation. Therefore, the core objective of this research project has been to develop 
comprehensive and statistically verified design guidelines to allow the safe and efficient 
design of elliptical hollow section members under various forms of loading. 
 
Member instabilities in hot-finished EHS under bending and under combined axial 
compression and bending have been investigated in Chapters 3 and 4, respectively. 
Statistical analyses were then performed in Chapter 5 to assess the reliability of the 
proposed resistance functions. 
 
To investigate lateral instability of EHS beams, an experimental programme comprising 
6 tensile coupon tests and 8 in-plane major axis bending tests has been conducted. A 
simply-supported three-point bending configuration was adopted with a carefully 
designed loading system which allowed the load to be applied through the shear centre 
of the section irrespective of the lateral deformations. A range of beam lengths was 
selected to cover a spectrum of member slendernesses of EHS beams; the test 
specimens had a constant cross-sectional aspect ratio of two. In parallel with the 
laboratory testing, finite element modelling was also conducted. The models were 
initially validated against the test results with satisfactory agreement in terms of full 
load-deformation response and failure modes being achieved. A series of parametric 
numerical simulations were then conducted to investigate the influence of cross-
sectional aspect ratio and member slenderness on the lateral torsional buckling 
behaviour. It was shown that moment capacity reduces with increasing aspect ratio 
owing to increased susceptibility to lateral torsional buckling. On the basis of the 
experimental and numerical findings and following reliability analysis in accordance 
with EN 1990 (2002), a design bucking curve with a plateau length 4.00,LT =λ , 
75.0=β  and an imperfection factor LT = 0.34 (buckling curve ‘b’) in EN 1993-1-1 
(2005), which is suggested for hot-finished hollow sections with a cross-sectional aspect 
ratio or two or smaller in the UK National Annex (2008), was found to be safely 
applicable to hot-finished elliptical hollow sections with an aspect ratio of two.  
 
Complementary to the study on lateral instability of EHS beams, investigations on 
member instability of hot-finished EHS beam-columns was also undertaken. A total of 
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10 tensile coupon tests and 33 beam-column tests were performed. The behaviour of 
EHS beam-columns under axial compression plus minor axis bending, major axis 
bending and biaxial bending was studied. All tested elliptical hollow sections had a 
constant cross-sectional aspect ratio of two and a range of beam-column lengths was 
considered. Test results were utilised to validate the numerical models. Comparisons 
between experimental and FE results revealed satisfactory agreement, demonstrating 
that the numerical models were able to predict accurately the initial stiffness, ultimate 
capacity, general load-deformation response and failure patterns observed in the tests. 
Parametric studies were then performed to investigate the influence of cross-sectional 
aspect ratios and member slendernesses. Generally, member resistance reduces with 
increasing member slenderness, whereas the effect of aspect ratio is small in the 
stability interaction formulae since it has already been considered in predicting the 
individual column and beam buckling strengths. Design rules covering instabilities in 
hot-finished RHS beam-columns have been assessed and found to be safely applicable 
to hot-finished elliptical hollow section members based upon the experimental and 
numerical findings.  
 
Limiting lengths below which lateral torsional buckling need not be checked with or 
without the presence of axial load were also derived analytically. Approximate 
formulations of the limiting length were proposed for EHS members, taking into 
account the influence of pre-buckling in-plane deflections. It was found that the limiting 
lengths for EHS beams suggested in SCI/BSCA (2009) could be relaxed. This study 
provides a simple and quick estimation of the lateral instability of EHS members for 
various aspect ratios. 
 
In order to assess the structural reliability of the proposed resistance functions, standard 
statistical evaluation procedures are provided in EN 1990 (2002) - Annex D and AISC 
(2005). The standard statistical analysis is based on a First Order Reliability Method 
and the background of the analysis procedures were described in Chapter 5 of this 
thesis. A series of statistical analyses on hot-finished elliptical hollow sections have 
been performed for stub column, bending and column buckling tests, which were 
conducted in previous studies, and member instabilities tests under bending and 
combined axial compression and bending conducted in this research project. A modified 
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approach in evaluating the coefficient of variation of the basic variables was proposed 
for the design rules covering member instabilities in order to satisfy a major assumption 
stated in the standard procedures. Results showed that generally the partial factors 
evaluated for the proposed design models were less than 1.0 in the Eurocode approach 
and the reliability indices were also found to be larger than 2.6 in the US approach. 
Hence, the design models adopted in EN 1993-1-1 (2005), but with equivalent 
diameters proposed by Chan and Gardner (2008a and b), for tubular sections at cross-
section and member levels can be adopted for hot-finished elliptical hollow sections, 
achieving the same level of structural reliability. 
 
In Chapter 6, the factors affecting local buckling in tubular sections and the treatment of 
this instability through cross-section classification in various structural design codes 
have been assessed. A large disparity in the Class 3 slenderness limits in bending was 
observed between the different design codes. In order to establish unified slenderness 
limits, existing bending test results for CHS and EHS were collated and examined by 
means of reliability analysis in accordance with EN 1990 (2002). A set of slenderness 
limits were proposed and which offer a unified treatment of cross-section classification 
across the structural steel design codes.  
 
Overall, a comprehensive study of member instabilities in EHS members has been 
performed in this thesis and, following extensive experimental, numerical and reliability 
analyses, a set of design rules, suitable for code implementation, have been proposed. 
 
 
7.2  Suggestions for future research 
 
Building on the present research, suggestions for possible future research on other 
aspects of the structural behaviour of hot-finished elliptical hollow sections are given in 
this section. 
 
Generally, the presence of residual stresses in structural members is to cause premature 
yielding, leading to a loss of stiffness and a reduction in load-carrying capacity. This is 
an important consideration in member instability, particularly inelastic buckling, where 
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it can affect the development of yield zones and consequently the effective stiffness of 
the section. In hot-finished elliptical hollow sections, residual stresses are believed to be 
relatively low in magnitude for the reasons described in Chapter 3. However, this 
should be confirmed by residual stress measurements. An experimental programme 
utilising the destructive sectioning method is currently underway at Imperial College 
London to quantify the distribution of residual stresses in EHS by measuring the 
deformations due to the release of residual stresses in the cutting process. The test 
results will supplement the current experimental findings to determine the most 
appropriate buckling curve for hot-finished EHS members. 
 
For members subjected to combined axial compression and biaxial bending, further 
study on the classification of the cross-sections is required. Presently, designers could 
classify the cross-section by considering the maximum stress from the minor axis 
bending as uniform compression, which is clearly a conservative assumption. More 
accurate prediction in terms of equivalent diameter could be obtained by analysing the 
stress distribution across the section and identifying the most heavily stressed region 
under this form of loading. Beam-column behaviour of slender EHS cross-sections 
could then be investigated to assess the current treatment of local buckling in the 
stability interaction formulae.  
 
The buckling resistance of a member is affected by the loading and boundary conditions 
and the bending moment distribution along the member length. In this thesis, three-
point bending and uniform bending were examined in the lateral torsional buckling and 
beam-column studies respectively. Further loading and boundary conditions and shapes 
of bending moment diagram could be studied to assess the reliability of the existing 
treatment of instabilities in EHS members. 
 
For complex design functions which may involve a number of dependent basic 
variables and failure modes, like those applied to beam-columns, the first order 
reliability analysis may not be fully applicable. With the dramatic developments in 
computational power, a fully probabilistic approach (Level III) using the direct Monte 
Carlo simulation technique has been proposed to replace the existing semi-probabilistic 
approach by the Joint Committee on Structural Safety (JCSS). However, the 
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implementation of the full probabilistic code is still controversial and more research is 
required to justify its use. 
 
In Chapter 6, existing slenderness limits for structural steel CHS and EHS were 
assessed and a set of unified slenderness limits were proposed. It was highlighted in this 
context that strain hardening is a significant factor influencing section moment capacity 
which is not currently recognised in design codes. Further study is clearly required in 
this area to investigate if strain hardening and any other factors affecting local buckling 
should be included in the cross-section classification approach. 
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Appendix A 
 
Photographs of deformed test specimens 
 
A.1 Lateral torsional buckling tests 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
      
Figure A.1: Experimental set-up 
East side 
South side 
(Underside of 
specimen) 
Specimen 
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A.1.1 Specimen LTB04A 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
A.1.2 Specimen LTB04B 
 
 
 
 
 
 
 
 
 
 
 
 
 
(a) At mid-span – west side 
Figure A.2: Deformed specimen 
LTB04A at various sides 
(b) At mid-span – east side 
(c) At mid-span – south side 
(a) At mid-span – west side (b) At mid-span – east side 
Figure A.3: Deformed specimen LTB04B at various sides 
(c) At mid-span – south side 
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A.1.3 Specimen LTB06A 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
A.1.4 Specimen LTB06B 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(a) At mid-span – east side 
Figure A.4: Deformed specimen LTB06A at various sides 
(b) At mid-span – south side 
(a) At mid-span – west side 
(b) At mid-span – south 
side 
Figure A.5: Deformed specimen LTB06B at various sides 
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A.1.5 Specimen LTB08A 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
A.1.6 Specimen LTB08B 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(a) At mid-span – east side 
Figure A.6: Deformed specimen LTB08A at various sides 
(b) At mid-span – south side 
(a) At mid-span – 
east side 
(b) At mid-span – south side 
Figure A.7: Deformed specimen LTB08B at various sides 
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A.1.7 Specimen LTB11A 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
A.1.8 Specimen LTB11B 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(a) At mid-span 
– west side 
Figure A.8: Deformed specimen LTB11A at various sides 
(b) At mid-span – south side 
(a) At mid-span – 
west side 
(b) At mid-span – south side 
Figure A.9: Deformed specimen LTB11B at various sides 
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A.2 Pure compression 
A.2.1 Specimen BC-1-ey=0 
 
 
 
 
 
 
 
   
 
 
 
 
 
 
 
    
 
A.2.2 Specimen BC-1-ez=0 
 
 
 
 
 
 
 
 
   
 
 
 
 
 
(b) At mid-span – south side 
(c) At mid-span – east side 
Figure A.10: Deformed specimen BC-1-ey=0 
(c) At mid-span – east side 
(b) At mid-span – south side 
Figure A.11: Deformed specimen BC-1-ez=0 
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A.2.3 Specimen BC-2-ey=0 
 
 
 
 
 
 
 
 
   
 
 
 
 
 
    
 
 
A.2.4 Specimen BC-2-ez=0 
 
 
 
 
 
 
 
 
   
 
 
 
 
 
    
 
(c) At mid-span – east side 
(b) At mid-span – south side 
Figure A.12: Deformed specimen BC-2-ey=0 
(a) Elevation
  
(c) At mid-span – east side 
(b) At mid-span – south side 
Figure A.13: Deformed specimen BC-2-ez=0 
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A.2.5 Specimen BC-3-ey=0 
 
 
 
 
 
 
 
 
   
 
 
 
 
 
    
 
 
 
A.2.6 Specimen BC-3-eZ=0 
 
 
 
 
 
 
 
 
   
 
 
 
 
 
    
(c) At mid-span – east side (b) At mid-span – south 
 side 
Figure A.14: Deformed specimen BC-3-ey=0 
 
(c) At mid-span – east side (b) At mid-span – south side 
 
Figure A.15: Deformed specimen BC-3-ez=0 
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A.3 Uniaxial compression 
A.3.1 Specimen BC-1-ey=25 
 
 
 
 
 
 
 
   
 
 
 
 
 
 
 
    
 
A.3.2 Specimen BC-1-ey=50 
 
 
 
 
 
 
 
 
   
 
 
 
 
 
(b) At mid-span – south side 
(c) At mid-span – east side 
Figure A.16: Deformed specimen BC-1-ey=25 
(c) At mid-span – east side 
(b) At mid-span – south side 
Figure A.17: Deformed specimen BC-1-ey=50 
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A.3.3 Specimen BC-1-ey=150 
 
 
 
 
 
 
 
 
   
 
 
 
 
 
    
 
 
 
 
A.3.4 Specimen BC-1-ez=15 
 
 
 
 
 
 
 
 
   
 
 
 
 
 
 
(c) At mid-span – east side 
(b) At mid-span – south side 
Figure A.18: Deformed specimen BC-1-ey=150 
 
East West 
(a) Elevation
  
(c) At mid-span – east side 
(b) At mid-span – south side 
Figure A.19: Deformed specimen BC-1-ez=15 
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A.3.5 Specimen BC-1-ez=25 
 
 
 
 
 
 
 
 
   
 
 
 
 
 
    
 
 
A.3.6 Specimen BC-1-ez=100 
 
 
 
 
 
 
 
 
   
 
 
 
 
 
    
 
(c) At mid-span – east side 
(b) At mid-span – south side 
Figure A.20: Deformed specimen BC-1-ez=25 
 
East West 
(a) Elevation
  
(c) At mid-span – east side 
(b) At mid-span – south side 
Figure A.21: Deformed specimen BC-1-ez=100 
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A.3.7 Specimen BC-2-ey=25 
 
 
 
 
 
 
 
 
   
 
 
 
 
 
    
 
 
A.3.8 Specimen BC-2-ey=50 
 
 
 
 
 
 
 
 
   
 
 
 
 
 
    
 
(c) At mid-span – east side 
(b) At mid-span – south side 
Figure A.22: Deformed specimen BC-2-ey=25 
 
(a) Elevation
  
(c) At mid-span – east side 
(b) At mid-span – south side 
Figure A.23: Deformed specimen BC-2-ey=50 
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A.3.9 Specimen BC-2-ey=150 
 
 
 
 
 
 
 
 
   
 
 
 
 
 
    
 
 
A.3.10 Specimen BC-2-ez=25 
 
 
 
 
 
 
 
 
   
 
 
 
 
 
    
 
(c) At mid-span – east side 
(b) At mid-span – south side 
Figure A.24: Deformed specimen BC-2-ey=150 
(a) Elevation
  
(c) At mid-span – east side 
(b) At mid-span – south side 
Figure A.25: Deformed specimen BC-2-ez=25 
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A.3.11 Specimen BC-2-ez=50 
 
 
 
 
 
 
 
 
   
 
 
 
 
 
    
 
 
 
A.3.12 Specimen BC-2-ez=150 
 
 
 
 
 
 
 
 
   
 
 
 
 
 
    
 
(c) At mid-span – east side 
(b) At mid-span – south side 
Figure A.26: Deformed specimen BC-2-ez=50 
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Figure A.27: Deformed specimen BC-2-ez=150 
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A.3.13 Specimen BC-3-ey=25 
 
 
 
 
 
 
 
 
   
 
 
 
 
 
    
 
 
 
A.3.14 Specimen BC-3-ey=50 
 
 
 
 
 
 
 
 
   
 
 
 
 
 
    
 
(c) At mid-span – east side (b) At mid-span – south side 
 
Figure A.28: Deformed specimen BC-3-ey=25 
 
(a) Elevation
  
1000 750 500 250 0 mm 
West 
East 
(c) At mid-span – east side (b) At mid-span – south side 
 
Figure A.29: Deformed specimen BC-3-ey=50 
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A.3.15 Specimen BC-3-ey=150 
 
 
 
 
 
 
 
 
   
 
 
 
 
 
    
 
 
 
A.3.16 Specimen BC-3-eZ=50 
 
 
 
 
 
 
 
 
   
 
 
 
 
 
    
 
(c) At mid-span – east side (b) At mid-span – south 
 side 
Figure A.30: Deformed specimen BC-3-ey=150 
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Figure A.31: Deformed specimen BC-3-ez=50 
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A.3.17 Specimen BC-3-eZ=100 
 
 
 
 
 
 
 
 
   
 
 
 
 
 
    
 
 
 
A.3.18 Specimen BC-3-eZ=200 
 
 
 
 
 
 
 
 
   
 
 
 
 
 
    
(c) At mid-span – east side (b) At mid-span – south side 
 
Figure A.32: Deformed specimen BC-3-ez=100 
(a) Elevation
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(c) At mid-span – east side (b) At mid-span – south side 
 
Figure A.33: Deformed specimen BC-3-ez=200 
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A.4 Biaxial compression 
A.4.1 Specimen BC-1-ey=40-ez=80 
 
 
 
 
 
 
 
 
   
 
 
 
 
 
 
    
 
A.4.2 Specimen BC-1-ey=100-ez=60 
 
 
 
 
 
 
 
   
 
 
 
 
 
 
(b) At mid-span – deformed 
due to major axis bending 
(d) At mid-span – deformed 
due to minor axis bending 
Figure A.34: Deformed specimen BC-1-ey=40-ez=80 
(c) Elevation – minor axis bending
  
1000 750 500 250 0 mm 
(a) Elevation – major axis bending
  
(b) At mid-span – deformed 
due to major axis bending 
(d) At mid-span – deformed 
due to minor axis bending 
Figure A.35: Deformed specimen BC-1-ey=100-ez=60 
(c) Elevation – minor axis bending
  
1000 750 500 250 0 mm 
(a) Elevation – major axis bending
  
Appendix A 
 
 
 
 
302
A.4.3 Specimen BC-1-ey=140-ez=30 
 
 
 
 
 
 
 
   
 
 
 
 
 
 
   
 
 
A.4.4 Specimen BC-2-ey=40-ez=90 
 
 
 
 
 
 
 
   
 
 
 
 
 
 
   
 
(b) At mid-span – deformed 
due to major axis bending 
(d) At mid-span – deformed 
due to minor axis bending 
Figure A.36: Deformed specimen BC-1-ey=140-ez=30 
(c) Elevation – minor axis bending
  
1000 750 500 250 0 mm 
(a) Elevation – major axis bending
  
(c) At mid-span – deformed 
due to major axis bending 
(d) At mid-span – deformed due to 
minor axis bending 
Figure A.37: Deformed specimen BC-2-ey=40-ez=90 
(b) Elevation – minor axis bending
  
(a) Elevation – major axis bending
  
1000 750 500 250 0 mm 
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A.4.5 Specimen BC-2-ey=120-ez=70 
 
 
 
 
 
 
 
   
 
 
 
 
 
 
   
 
 
 
A.4.6 Specimen BC-2-ey=180-ez=30 
 
 
 
 
 
 
 
   
 
 
 
 
 
 
   
(c) At mid-span – deformed due to 
major axis bending 
(d) At mid-span – deformed due to 
minor axis bending 
Figure A.38: Deformed specimen BC-2-ey=120-ez=70 
(b) Elevation – minor axis bending
  
1000 750 500 250 0 mm 
(a) Elevation – major axis bending
  
(c) At mid-span – deformed due 
to major axis bending 
(d) At mid-span – deformed due to 
minor axis bending 
Figure A.39: Deformed specimen BC-2-ey=180-ez=30 
(b) Elevation – minor axis bending
  
1000 750 500 250 0 mm 
(a) Elevation – major axis bending
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A.4.7 Specimen BC-3-ey=80-ez=160 
 
 
 
 
 
 
 
   
 
  
 
 
 
 
   
 
 
A.4.8 Specimen BC-3-ey=210-ez=120 
 
 
 
 
 
 
 
   
 
  
 
 
 
 
   
(c) At mid-span – deformed due 
to major axis bending 
(d) At mid-span – deformed due to 
minor axis bending 
Figure A.40: Deformed specimen BC-3-ey=80-ez=160 
(b) Elevation – minor axis bending
  
(a) Elevation – major axis bending
  
1000 750 500 250 0 mm 
(c) At mid-span – deformed due to 
major axis bending 
(d) At mid-span – deformed due to minor 
axis bending 
Figure A.41: Deformed specimen BC-3-ey=210-ez=120 
(b) Elevation – minor axis bending
  
(a) Elevation – major axis bending
  
1000 750 500 250 0 mm 
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A.4.9 Specimen BC-3-ey=310-ez=60 
 
 
 
 
 
 
 
 
   
 
  
 
 
 
 
   
 
 
 
 
 
 
(c) At mid-span – deformed due to 
major axis bending 
(d) At mid-span – deformed due to minor 
axis bending 
Figure A.42: Deformed specimen BC-3-ey=310-ez=60 
(b) Elevation – minor axis bending
  
(a) Elevation – major axis bending
  
1000 750 500 250 0 mm 
